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Abstract 

The construction of an infinite tensor product of tiie C*-algebra Co(R) is not obvious, because 
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of the Bochner-Minlos theorem in R*-"' as the pure state space decomposition of the partial group 
algebras which generate £y. We analyze the representation theory of jC.^, and show that there 
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Q which depends on the initial choice of approximate identity. 

Keywords: C*-algebra, group algebra, infinite tensor product, topological group, Bochner-Minlos 
theorem, state space decomposition, continuous representation. 

Mathematics Classification: 22D25, 46L06, 43A35. 



1 Introduction 

The class of locally compact groups has a rich structure theory with a great many tools developed to 
analyze the representation theory of such groups, e.g., group C*-algebras, induction, integral decompo- 
sitions etc. Unfortunately there are many non-locally compact groups which naturally arise in analysis 
or physics applications, e.g. mapping groups or inductive limit groups, and for such groups these tools 
fail, and one has to do the analysis on a case-by-case basis, with no systematic theory to draw on. 

Here we want to consider the question of how to generalize the notion of a (twisted) group algebra to 
topological groups which are not locally compact (hence have no Haar measure). Such a generalization, 
called a full host algebra, has been proposed in [Gr05| . Briefly, it is a C* -algebra A whose multiplier 
algebra M{A) admits a homomorphism rj: G ^ U{M{A)), such that the (unique) extension of the 
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representation theory of A to M{A) pulls back via rj to the continuous unitary representation 
theory of G . There is also an analogous concept for unitary cr-representations, where cr is a 
continuous T -valued 2 -cocycle on G . Thus, given a full host algebra A, the continuous unitary 
representation theory of G can be analyzed on A with a large arsenal of C* -algebraic tools. Such a 
host algebra need not exist for a general topological group because there exist topological groups with 
faithful unitary representations but without non-trivial irreducible ones (cf. |GN01| ). One example 
of a full host algebra for a group which is not locally compact, has been constructed explicitly for 
the cr-representations of an infinite dimensional topological linear space S, considered as a group 
cf. |GrN09j . 

Probably the simplest infinite dimensional group is M'-'*^-' (the set of real-valued sequences with 
only finitely many nonzero entries) with the inductive limit topology w.r.t. the natural inclusions 
M" c m'-^^\ This group is well-studied in stochastic analysis, and will be the main object of study 
also in this paper. Our aim here is to construct explicitly C*-algebras which have useful host algebra 
properties for Recall that for the group C*-algebras we have: 

C*(M") (g) C*(M'") ^ C*(M"+'") 

and this suggests that for a host algebra of R^^' we should try an infinite tensor product of C* (M) . 
This is difficult to do, for two reasons: 

• C*(M) = Co(M) is nonunital, and the standard infinite tensor products of C*-algebras require 
unital algebras. 

• There is a definition for an infinite tensor product of nonunital algebras developed by Blackadar 
cf. |B177] ■ but this requires the algebras to have nonzero projections, and the construction depends 
on the choice of projections. (We used this construction in [GrNOQj to construct an infinite tensor 
product to produce a host algebra.) However, C*(]R) = Co(K) has no nonzero projections, so 
this method will not work. 

In the light of these difficulties, we will develop here an infinite tensor product of Co(M) relative 
to a choice of approximate identity in each entry, to replace the choice of projections in Blackadar's 
approach. As expected, the construction will depend on the choice of approximate identities, though 
it still produces for each choice an algebra with strong host algebra properties. 

The construction of ("semi-") host algebras for R^^' will aid our understanding of the Bochner- 
Minlos theorem. We first recall: 

1.1 Theorem (Bochner-Minlos Theorem for M^^) ) There is a bijection between continuous normalized 
positive definite functions (states) uj o/ R^^' and regular Borel probability measures pL on R'*^ (with 
product topology) given by the Fourier transform: 

w(x) = / e'''■^d^l{y) , x e R(^) 

oo 

where X ■ y:= J2 ^nVn , xgRW, y G R'^. 

n=l 

If we replace both E^^^ and E*^ by R", this is the classical Bochner theorem, which we can obtain 
immediately from the state space integral decomposition of any state of C*(R") = Co(E") in terms of 
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pure states. This suggests that if we have a host algebra of R^^\ we can obtain the Bochner-Minlos 
theorem from state space decompositions of states on the host algebra in terms of pure states. We 
will see below that we can already obtain the Bochner-Minlos theorem from the weaker "semi-host" 
algebras which we will construct. 

The structure of this paper is as follows. In Section [2] we collect the basic definitions and notation 
for host algebras, in Section [3] we give a detailed treatment of the aspects of infinite tensor products 
which we will need for this paper. In Section |4] we start in a concrete setting on L'^{M.^,ii), where 
/X is a product measure of probability measures, each absolutely continuous w.r.t. the Lebesgue 
measure, and we construct an infinite tensor product of Co(M) w.r.t. a choice (compatible with /j,) 
of approximate identity in each entry. This concrete C*-algebra can already produce Bochner-Minlos 
decompositions for the limited class of positive definite functions on R^^^ associated with it. In 
Section [S] we develop abstractly the infinite tensor product of Co(M) w.r.t. an arbitrary choice of 
elements of a fixed approximate identity, we analyze its representation theory and through the unitary 
embedding of R''^^ in its multiplier algebra, we consider the relation of its representation theory to 
that of RP^). We find that it can adequately model a subset of the representation theory of but 
there is a small additional part. We show that the Bochner-Minlos decompositions for any continuous 
positive definite function on R^'^^ can be obtained from the pure state space decomposition of these 
algebras. Finally, in Section IH we collect these algebras together in one large C*-algebra, which we 
show, can model the full continuous representation theory of R^^''> . However, the representation theory 
of this algebra also has an additional part which essentially consists of the representation theory of a 
multiplicative semigroup Q which depends on the initial fixed choice of approximate identity. 

2 Definitions and notation 

We will need the following notation and concepts for our main results. 

• In the following, we write M{A) for the multiplier algebra of a C* -algebra A and, if A has 
a unit, U{A) for its unitary group. We have an injective morphism of C* -algebras l_a. - A^ 
M{A) and wiU just denote A for its image in M{A) . Then A is dense in M{A) with respect 
to the strict topology, which is the locally convex topology defined by the seminorms 

Pairn) := ||m • a\\ + \\a ■ to||, a € A, me AI{A) 

(cf. jmM]). 

• For a complex Hilbert space H , we write Rep(^, Ti) for the set of non-degenerate represen- 
tations oi A on TL . Note that the collection Rep^ of all non-degenerate representations of 
A is not a set, but a (proper) class in the sense of von Neumann-Bernays-Godel set theory, 
cf. |Tak75j . and in this framework we can consistently manipulate the object Rep^. However, 
to avoid set-theoretical subtleties, we will express our results below concretely, i.e., in terms of 
Rep(^, H) for given Hilbert spaces Ti. We have an injection 

RepiA^H) ^ Rep{M{A),n), tt^tt with tt o /.^ = vr, 

which identifies the non-degenerate representation tt of ,4 with that representation tt of its 
multiplier algebra which extends tt and is continuous with respect to the strict topology on 
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M{A) and the topology of pointwise convergence on B{H) . We will refer to tt as the strict 
extension of tt, and it is easily obtained by 

i(M) = s-lim7r(M£;A) VM G M(^) 

where {E\}xeA C ,4 is any approximate identity of A. 

• For topological groups G and H we write Honi(G, H) for the set of continuous group homo- 
morphisms G ^ H . We also write Rep(G', Ti) for the set of all (strong operator) continuous 
unitary representations of G on % . Endowing U (H) with the strong operator topology turns 
it into a topological group, denoted U{H)s , so that Rep(G,'H) = Honi(G, C/(H)s) • The set 
of continuous normalized positive definite functions on G (also called states) and denoted by 
(3(G), is in bijection with the state space of the group C*-algebra C*{G) when G is locally 
compact. If G is not locally compact, ©(G) is in bijection with a subset of the state space of 
C*(Gd), where Gd denotes G with the discrete topology, and the question arises as to whether 
there is a C*-algebra which can play the role of C*(G). We clarify first what is meant by this: 

2.1 Definition Let G be a topological group. 

A host algebra for G is a pair (£,??) where C is a G* -algebra and r]: G ^ U{M{C)) is a 
homomorphism such that for each complex Hilbert space % the corresponding map 

r]* : Rep{C, H) Rep(G, H), ir^nor] 

is injective. We then write Rep(G, ?{),, C Rep(G, H) for the range of jf . We say that (£,??) is a 
full host algebra of G if 77* is surjective for each Hilbert space H . If the map 77* is not injective, 
we will call the pair (£, 77) a semi-host algebra for G. 

Note that by the universal property of group algebras, the homomorphism rj: G ^ U{M{C)) 
extends uniquely to the discrete group C*-algebra G*{Gd), i.e. we have a *-homomorphism 
77: G*(Gd) U{M{C)) (stih denoted by 77 ). 

A similar notion can also be defined for projective representations (cf. jGrN09| V 

2.2 Remark (1) It is well known that for each locally compact group G , the group G* -algebra 

G*(G) , and the natural map rjc: G ^ M{C*(G)) provide a full host algebra ( |Dix77| 
Sect. 13.9]). The map r/c '■ G M{G*{G)) is continuous w.r.t. the strict topology of 
Af(G*(G)) (this is an easy consequence of the fact that im(77G) is bounded and that the action 
on the corresponding -algebra is continuous). 

(2) Note that for a host algebra (£, rj) the map 77* preserves direct sums, unitary conjugation, 
subrepresentations, and for full host algebras, irreducibility (cf. |Gr05| V 

(3) When {C, rf) is merely a semi-host algebra for G, then the map 77* still preserves direct sums, 
unitary conjugation, subrepresentations, but in general, not irreducibility. However, in the case 
that G is Abelian (as it will be in this paper), since irreducible representations are just charac- 
ters, and the map 77* takes one-dimensional representations to one-dimensional ones, here it will 
preserve irreducibility. So for Abelian groups, semi-hosts are useful to carry representation struc- 
ture (e.g. integral decompositions) from the representation theory of C to the representation 
theory of G, and we will use that in this paper to analyze the Bochner-Minlos theorem. 
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3 Basic Theory of Infinite Tensor Products 

Since we need to develop the concept of infinite tensor products of non-unital algebras, it is neces- 
sary to collect first some basic material on infinite tensor products, and to fix notation. We follow 
Bourbaki |Bou89j and Wegge-Olsen |W093j . There are several different concepts of infinite tensor 
products of unital algebras. See Bourbaki |Bou89| . Guichardet |Gu67| . Araki |AW66| . though infinite 
tensor products of algebras without identity are only done in Blackadar |B177] . 

3.1 Algebraic tensor products of arbitrary many factors. 

3.1 Definition Let {Xt)t£T be an indexed set of non-zero complex vector spaces, where T can 
have any cardinality. We write x = {xt)teT for the elements of the product space Yi ^t- A map 

tST 

/ : Y\ Xt ^ V to a. vector space V is said to be multilinear if it is linear in each entry. That is, for 

teT 

each to T and x G Y[ -^t, the map 

t£T\{to} 

Xto V, yto /(x X ytj 

is linear, where x x yt„ =: z G is that element for which zt — Xt if t ^ to and zt^ = ytg- 

teT 

A pair (i, V) consisting of a vector space V and a multilinear map l: — >■ y is called an 

teT 

(algebraic) tensor product of {Xt)teT if it has the following universal property 

(UP) For each multilinear map (p: ATt — > , there exists a unique linear map ip: V with 

teT 

ifi O L — If . 

The usual arguments (cf. Proposition T.2.f jW093| ) show that the universal property determines 

a tensor product up to linear isomorphism (factoring through the maps l). We may thus denote V 

by Xt and denote the elementary tensors by 
teT 

(g) Xt := t(x) e(^Xt, for x G J]^ At . 

teT teT 

To simplify notation, we write A := H the following. Observe that no order in T appears in 

teT 

this definition, so e.g. Ai (g) A2 and A2 <E) Ai (in the usual notation) will be identified. 

3.2 Lemma For each indexed set {Xt)teT of complex vector spaces, a tensor product (t, At) 

teT 

exists. 

Proof: (cf. [Bou89| Ch. II, §3. 9] for a more general construction) We consider the free complex vector 
space 

C^^) {/ : A ^ C | supp(/) is finite} Span{(5x | x e A} 

where <5x(y) = f if x = y and zero otherwise. Note that {S^ \ x G A} is a basis for C^'''^^ . Define 
the sets 

Na := {(5x + — <5z I 3 r G T such that Xr + yr ^ Zr , and Xt — yt = zt V t 7^ r} 
Nm '■= {<5x — l^5y I /i G C, and 3 r G T such that Xr — fJ-Vr , and Xt — yt Vt 7^ r} 
Af := Span(A^a U A„) C C^^^ . 
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We now consider the quotient space V := C^^''/J\f and write l: X ^ V,x i-^ 5^ + M for the 
induced map. The definition of Af immediately imphes that i is multilinear and we only have to 
verify the universal property. 

Let ip: X ^ M be a multilinear map. We extend y to a linear map (p : C^"^' — > M by 
^if) '■— Yl /(^) ^{^) ■ The multilinearity of ip now implies that its linear extension annihilates the 
subspace Af, hence it factors through a linear map tp: V ^ M satisfying ip o l = (p. That ^ is 
uniquely determined by this property follows from the fact that im(i) spans V. ■ 



3.3 Theorem (Associativity) 

Let {Ts C T \ s € S } he a partition of T such that \S\ < oo . Then the map 
V' : ^ <S) ( Xt^), i^{{xt)teT) := ( Xt,) 



is multilinear and factors through a linear isomorphism ip: — ^ ( ^t^)- 

teT ses tseTs 

Proof. It is clear from the definition that V is multilinear, so we obtain a unique linear map : 

(g) Xt ^- ( X() with V' o = V' • 

teT ses teT, 

To see that ^ is a linear isomorphism, it suffices to observe that the multilinear map tjj has the 

universal property (UP). So let (p: X ^ V be a multilinear map. With Yg := H -'^t > '^^ have 

teT, 

X = Y\ Ys . Then for each sq € S and for each y G H we obtain a unique map 
ses ses\so 



which is clearly multilinear w.r.t. the factors 11^* = hence induces a linear map on Xt. 

Since yi-^</'y°(v) is multilinear in ye 11 for fixed Xt, we can apply the argument 

ses\so teT,g 
again to an si ^ sq € S for this map, and then continue the process until we have exhausted 5. This 

produces a multilinear map 

which factors through a linear map 

^: with ^( ® ( 8) Xt,)) = ip{{xt)teT), 

ses ter, 

i.e., ip o ip = ip . Moreover, since ^ ( ^ Xt) is spanned by elements of the form (g) ( (g) Xt,) 

ses ^ teT, > ses tseT, 

it follows that ip is uniquely determined by the last equation. Thus has the universal property 
(UP), hence V is a linear isomorphism. ■ 



3.4 Remark Associativity does not seem to hold for a partition of T into infinitely many sets (i.e., 

for \S\ = 00 ). This is because Xt is spanned by elementary tensors, and ( £ ' .1*;)) 

teT ses ^t,=i r,eT, ' 
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cannot be written as a finite linear combination of elementary tensors if there are infinitely many s G S 
with ris > 1 . 

3.5 Definition (a) Assume that {Xt)t^T is a family of complex algebras. We now construct an algebra 

structure on their tensor product. For each fixed x G X = H ' define a map 

teT 

l^^iX ^ Xt by /Ltx(y) := Xtyt = t(x • y) 

teT teT 

where x • y G X is given by (x • y)t := Xtyt for all t G T , and we will also let x" G X denote 
(x")* := (xt)" for all i G T and n G N. Since fix is multilinear, it induces a linear map 

teT teT 

This defines a multilinear map 

li:X^ End( Xt) by /i(x) := /Xx 
teT 

and thus a linear map : — >■ End( Xj) . Explicitly we have for a = J^^i^i) ^ — 

teT teT i 

E^iVj) G that 
j teT 

fj'ia-M = ( ''(y^)) = YlYli^^* ('-(yj)) = Z Z '-(^^ ■ y.?) 

i i i j i j 

where the sums are finite. We denote the multiplication as usual by ab := iJ.{a){b) for a, 6 G X^ . 

teT 

Associativity for this multiplication follows from componentwise associativity, and hence Xt is an 

teT 

algebra over C . 

(b) Next, we assume, in addition, that each Xi is a * -algebra. We want to turn Xt into a 

teT 

* -algebra. Given any vector space V over C , let denote the conjugate vector space. Thus, for 
each t £ T , the involution * : Xj — >■ X^ becomes a C-linear map (instead of conjugate linear on 
Xt ). Define a map 

7:X^(0Xt)' by 7(x) := < = t(x*) 

teT teT 

where x* G X is given by (x*)t := for all t G T . Since 7 is multilinear, it defines a linear 

map 7 : Xj — ( Xt)*^ . Its intertwining properties with multiplication then follow from the 

teT teT 

componentwise properties. As usual, we write a* := 7(a) for a G X( , and hence Xt becomes 

teT teT 

a * -algebra over C . 

This defines the basic objects which we will work with. 



3.2 Stabilized spaces. 

We will also need the following structures. 

3.6 Definition We define an equivalence relation on X by x ~ y whenever the set {t G T \ xt ^ yt} 
is finite. Denote the equivalence class of x G X by [x]^ and define 

[x] := Span{ | y ~ x} c X* . 

teT teT 
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3.7 Proposition The following assertions hold: 

(i) For any pair (x, F) such that x G X and F CT a finite subset with ^ for t ^ F , there 

exists a linear map 

teT teF 

satisfying |[y]CKery>i? for y 7^ x and 

'Pf{{(^ yt)(S>{(Ei xt)) = (E> yt for yt G Xt,t e F. 
teF tgF teF 

(ii) |x] ^ {0} if and only if at most finitely many components of x vanish. 

(iii) The subspace |x]l is isomorphic to the direct limit of the finite tensor products ® Xt , J CT 

teJ 

finite, with respect to the connecting maps 

ifj^ J : 1^ Xt ^ (S) Xt with ifj^ji O yt) := ( ® yt) O ( O x^). 
teJ teK ' t^J t&J seK\j 

(iv) Xt is the direct sum of the subspaces |x] , x e X . 
teT 

Proof: (i) For t ^ F we pick linear functionals At € Xt with Xt{xt) = 1 and define a map 



n ^dVt) ■ { ys) for y ~x 

teT\F «eF 

for y X. 



We claim that ipp is multilinear. To see that (pp is linear in the t -component, let y,y' G X with 
ys = y'g for s ^ t . Then either both are equivalent to x or none is. In either case, the definition of 
ipF implies the linearity of the map Zt 1— >■ ^F(y x Zt). Therefore (fp is multilinear, hence induces a 
linear map 

^f: (^Xt->(^Xt 
teF 

satisfying all requirements. 

(ii) If the set {t £ T \ xt = 0} is finite, then (i) implies that |x] 7^ {0} since none of the spaces 
Xt vanishes by our initial assumption. We also note that, if infinitely many xt vanish, then |x] is 
spanned by elements (-(y) , where y has at least one zero entry. Then (,(y) = , and consequently 

W = {0} . 

(iii) Let J C K c T such that \K\ < 00 . Then we obtain linear maps 

(fj^ J : Xt <S> Xt with ifj^ji (E> yt) ( ® yt) ® ( ® ^^)- 
teJ teK ' te-f te--' seK\.j 

Since (p^^ o ipj^ ^ = ip^ ^ for J C K C L , and \L\ < 00 , this is an inductive system. We write 

lim Xt, <fj^ j) for its limit. We also have linear maps 
teJ ' 

:0Xt^>Ix] by fji (S) yt) ■■={(^ yt)(^{ ® a;,) e [x] 
teJ seT\j 

satisfying ipx ° <fK,j = fj , so that they induce a linear map (p : lim ( Xf , ip^^ ^) -> |x] . As every 

^ teJ 

element of |x| lies in the image of some map tpj , and by (i) this map is injective if J ^ {t £ T \ 
Xt = 0} , (fi is a linear isomorphism. 
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(iv) Since t(x) is contained |x| , it suffices to show tliat tlie sum of tfie non-zero sub- 
spaces |x| is direct. Suppose tliat the elements xi,...,x„ are pairwise non-equivalent with 
|xi] 7^ {0} , and that Vi G |xi] satisfy J2i Vi — . From (i) we know that there exists for each 
i and each finite subset F D {t E T \ Xi^t — 0} a linear map 

Vf^ ■■ Xt ^ Xt with ip^p\i (E> yt) (E> i (S> x^.t)) = ^ yt 

and vanishing on |xj] for j ^ i . We conclude that (pp\vi) ~ for each F . Since F can be 
chosen arbitrarily large, the definition of |x,ij now implies that Vi = . ■ 



3.8 Remark If each Xt is an algebra and = xt holds for all but finitely many teT, then the 
linear space [x] is a subalgebra. If each Xt is a * -algebra and ( for all but finitely 
many t T , then |x] is a * -subalgebra. In the literature (on topological tensor products) , suitable 
closures of |x| are often called stabilized infinite tensor products (stabilized by x ). 

3.9 Remark In particular, for x, y e X with |x] ^ {0} ^ |y] , we have that |xj n |y| = {0} if and 

only if X 7^ y . So, if yt — XtXt where Xt =/= 1 for infinitely many t E T , then x 7^ y and hence 

Cg> Xtxt is not a multiple of (E) xt- This is different in Guichardet's version |Gu67) of continuous 
tGT teT 

tensor products. 

When the Xt are algebras, we have the following algebraic relations for the spaces Ix| in the 
algebra Xt . 

teT 

3.10 Theorem // each Xt is a complex algebra, then 

(i) |x] ■ |y| C Jx ■ y| for all x, y G X . // Xt ■ Xt = Xt for all t , then we have the equality: 
Span([xl • [yl) = [x • yl . 

(ii) |x]* — |x*| for all xG X if all Xt are * -algebras. 

(iii) // $ ^ Gt a Xt\ {0} is a nonzero multiplicative semigroup for each tGT, then 

M := |a] (finite sums) 

is a subalgebra of ^ Xt . If in addition, each Xt is a * -algebra and each Gt is * -invariant, 
teT 

then M is a * -subalgebra. 

Proof, (i) Since |x] is spanned by elements of the form i(a) , a ^ x and |y| likewise by elements 

i(b) with b ^ y , and we have a-b ^ x-y, the first assertion follows from t(a)i(b) ~ t(a-b) G [x-y| . 

To show that we have equality when Xt ■ Xt — Xt for all t , note that Jx • y] is spanned by 

elements of the form da) = [ ® aA ® \ ® Xtyt] , where S is finite. Since each G XsXs by 

VseS / \teT\s I 

assumption, it follows that t(a) G |x]|y| , which proves the required equality. 

(ii) Since * is involutive, it suffices to show that |x]* C |x*] . As |x]* is spanned by elements 
of the form t(a)* , a ~ x , the assertion follows from t(a)* — i(a*) with a* x* . 
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(iii) Since the set {x G X \ xt G Gt Vt G T} is a semigroup w.r.t. the componentwise 
muhiphcation, the first statement regarding A4 foUows from (i). The second statement hkewise 
foUows from (ii). ■ 



3.11 Remark (a) Regarding the condition Xt ■ Xt = Xt in part (i), this is easily fulfihed, since by 
Theorem 5.2.2 in |Pa94] . we know that if A is a Banach algebra with a bounded left approximate 
identity and T : A ^ 'B(X) is a continuous representation of A on the Banach space X , then for 
each y £ S'paii{T{A)X) there are elements a € A and x d X with y — T{a)x . Thus, ii X = A 
and T : A ^i^) is defined by T{A)B := AB , then since A has an approximate identity, we 
have A — Span(T(^)X) and hence A - A — A. In particular, A - A — A for any C* -algebra A . 

(b) In regard to the choice of semigroup Gt in (iii) above, when one has unital algebras, the 
conventional choice is to set all Gt — {1} . If the * -algebras Xt are nonunital but have projections, 
then one can take each Gt to be a projection (cf. Blackadar |B177j ) though the final tensor product 
algebra depends on this choice of projections. If the * -algebras Xt have no nonzero projections, 
e.g. Co(K.) below, then we will choose each Gt to be a small * -closed semigroup generated by one 
element (which will be positive, of norm 1 ). 



3.3 Tensor products of representations. 

Below, we will need to complete some * -subalgebras of the algebraic tensor product in the operator 

norm of a suitable representation, hence need to make explicit the structures involved with infinite 

tensor products of Hilbert space representations. 

Let {Ht)teT be a family of Hilbert spaces. We want to equip selected subspaces of Ht with 

teT 

the inner product (i(x), t(y)) := " Yi i^t, yt)t " whenever the right hand side makes sense. There 

teT 

are many possibilities, but here we recall the tensor product constructions of von Neumann [vN61j . 

Let 

£:= {xG < oo} 

tgT teT 

where we interpret the convergence of a sum (resp. product) over an uncountable set T as convergence 

of the net of finite partial sums, resp., products. For sums such as S := at, at G C, this implies 

teT 

oo 

that only countably many summands {at^ \ n € N} are non-zero and that S = at„ , and it 

ji=i 

converges absolutely (cf. Lemmas 2.3.2 and 2.3.3 in |vN61| ). Moreover, we have that P = Y[ |at| < oo 

teT 

if and only if cither a* = for some t (in which case P = ), or else ^ | jatj — l| < cx) (cf. [vN61i 

teT 

Lemma 2.4.1]). We will not need to use general products -P = H '^t, ctt G C, for which the 

teT 

convergence is a more difficult notion (cf. Lemma 2.4.2 and Definition 2.5.1 in |vN61| ). 

Thus x G £ implies that ||a;t||t = 1 for all t G T\R where R is at most countable, and that the 

product Y\ \\xt\\t converges. Obviously, any x such that \\xt\\t = 1 for all t E T is in C. Note 
teT 

that if X G £ then [x]^ C C also. For x,y G £ , we define 

x~y if ^ I (a;t,yt)t - l| < oo. (1) 
teT 
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Then « is an equivalence relation by Lemma 3.3.3 in |vN61| . and we denote its equivalence classes by 
[x]_^ . Observe that if x € £ then [x]^ C [x]_^ , and moreover, each ^-equivalence class contains an 
aeC such that ||at||t = 1 for all teT (cf. Lemma 3.3.7 in [vN61j ). 

3.12 Definition Given such an a G [x]_^ C £ , we can define an inner product on \a\ by sesqui-linear 
extension of 

(iW, t(y)) :== 2/t)t for x-a-y. 

teT 

(Note that the infinite products occurring here have only finitely many entries different from 1 hence 

are unproblematic). Denote the closure of |a] w.r.t. this Hilbert norm by {^[^^'Ht . Then this is 

teT 

von Neumann's "incomplete direct product," and it contains Span(t([a]^)) as a dense subspace (cf. 

Lemma 4.1.2 in jvN61j ). The direct sum of the spaces (^['^'Ht where we take one representative 

teT 

a from each ss-cquivalence class, is von Neumann's "complete direct product" (cf. Lemma 4.1.1 



in |vN61j V An analogous associativity theorem to Theorem 13.31 holds for this complete direct product 
(cf. Theorem VII in EN61]). 

Next, consider the case where {At)t&T is a family of * -algebras, each equipped with a bounded 

Hilbert space * -representation nt : At 13{'Ht) ■ For any A G J| we can define a linear map 

teT 

7r(t .(A)) on <S> Ut by 
teT 

7r(t^(A))t(x) = ® ■Kt{At)xt = t(7r(A)x) for all x G ]^ Ht 

teT 

where (7r(A)x)^ := TTt{At)xt for all t & T . Then tt is a representation, because it is one for each 
entry. To obtain Hilbert space * -representations from tt , we need to restrict it to suitable pre-Hilbert 

subspaces of Ht hence need to restrict to those A such that 7r(i_^(A)) preserves the Hilbert 

teT 

space involved (and produces a bounded operator). 

3.13 Definition Consider the Hilbert space completion ^^^^Tit of [a] , as above. When the algebras 

teT 

At are all unital, then [1] C ^ At is a * -subalgebra, where (!)< = It G for all t eT . Then 

teT 

7r(A)x G [a]^ for all x G [a]^ ^ Yl and A ~ 1 . In particular, 7r(t_^(A)) preserves |a]] and 

teT 

it is bounded, since it is a tensor product of a finite tensor product (of bounded operators) with the 

identity operator. Thus it extends to a bounded operator on {^["^iHt . This defines a * -representation 

teT 

of the * -algebra [1] on the (stabilized) tensor product ^^'^^'Ht , and it is the most commonly used 

teT 

definition of a tensor representation. 

When the * -algebras At are not unital, consider the case where they contain nontrivial hermitian 

projections Pt E At ■ Then, for any choice of such projections P G 11 j ^^e subspace |P] C ^ At 

teT teT 
is a * -subalgebra. For any a G Jl T^t with Trt{Pt)at — at for all t G T , we can now define a tensor 

teT 

product representation of |P]] on ^^'^^'Ht ■ Below we will consider more general tensor product 

teT 

representations. 
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4 Semi— host algebras for Gaussians 

In this section, will be a fixed Gaussian product measure on M.^ and /i„ denotes its projection 

oo 

on the n**^ component. For x G and y e M*^^^ , we write (x, y) ^ XiUi for the standard 

i=l 

pairing. Recall that from /i one constructs a unitary representation 



> ■ 



— > 



W(l2(mN^)) by (^4x)/)(y) :=exp(*(x,y))/(y), xeM^, ye 



Then there is a unitary map U : — ^ i^(K^, /i) , where "Hn := L^(]R, /x„) . The sequence 

n=l 

e = (ei, 62, . . .) of stabilizing vectors e„ G Hn is given by the constant functions e„(a;) = 1 for all 
a; G M . Explicitly, U is given by 

U{fi «) /2 ■ • • /fe ® efe+i «) ® • ■ • )(a;i,a;2, • • ■) = fii^i) ■ h{x2) ■ ■ ■ fk{xk) 

which is clearly a cylinder function on . Then Ti^ — Ui 7r^„ \ U^^ , where each 

^ n=l ^ 

: M ^ W(l2(R, is (tt^^ (x)/) (y) := e"'^ /(y) for a;, y G R . 

oo 

The stabilizing sequence defines a cyclic vector VI :— (g) e„ . Immediate calculation establishes that 

ri=l 

the corresponding positive definite function satisfies: 

^^t) (r!, Tr^t)^!) = / exp (i(t, y)) d^l{y) for t G , (2) 



which is part of the Bochner-Minlos Theorem (cf. |GV64| ). We will show that it expresses the decom- 
position of a state into the pure states of a (semi-) host algebra for R^^^ , and that there is a similar 
expression for other states (which is also part of the Bochner-Minlos theorem). 

Specialize the notation of the last section by setting: T = N and Xt = Co(M) = C*(M) for 
all t. We first try to define an appropriate infinite tensor product C* -algebra of all the Co(R)'s, 
which seems to be a problem because Co(R) is nonunital, and has no nontrivial projection. By the 

oo 

last section we always have the algebraic tensor product C'o(R) , but this is too large. We want 

k=l 

to look at its * -subalgebras of the type defined in Theorem IS.lOf iii) , and will consider the following 
multiplicative semigroups in Co(R) . For each n G N , define 

K := {/e Co(R) I /(M) C [0,1], f\[-n,n]^l, supp(/) C [-n - 1, n -f 1] } 

and observe that it is a semigroup, that ||/|| = 1 for all / G Vn and that any sequence 
{un € Vn I n G N} is an approximate identity for Co (R) . Moreover Vn ■ Vm = Vn if m > n 

oo 

and hence IJ V„ is a semigroup. For each f (z Vn we have the subsemigroup 

n=l 

Vnif) {/M e N} C Vn, 

and for these we also have that Vn{f) ■ Vm{g) — Ki(/) if m > n . 

For any sequence f = (/i, /2, . . .) G Co(R)^ with /„ G Vk„ for all n , we consider the * -algebra 

oo 

generated in Co(M) by |f] , and note that 

k=l 

oo 

* -alg([fl) = Span{[f'^l | A; G N} C (g) Co(R), where (f'=)„ := Vn (3) 
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and for the equality we needed the fact that Co(M) • Co(]R) ~ Co(M) (Remark I3.1ip . and Theo- 



rem [330li)- 

Next, we want to define a convenient representation of * -alg(|f]) to provide us with a C* -norm 
to close it in. We will show that there are f for which we can define a representation of * -alg([[f|) 

oo 

on 0[''''H„ in a natural way. 
4.1 Proposition We now have: 

(i) Let Pk denote multiplication of Junctions on M hy Xi-k k] • Then there exists a sequence 
{ki)i(=fi such that J2 |(-Pfc„e„, e„)„ - l| < oo . 

n=l 

oo 

(ii) Fix a sequence (fci)igN o,s in (i) as well as f £ 11 ^fe ■ Then there is a * -representation 

(oo \ 
(g)[*=lH„ such that 

(oo \ oo oo ^ r 1 

® 9n) Cfc = ® QnCn £ '^^"^V-n 
n=l / fc=l n=l „— X 

/or g ^ f^, c e and ^ G N , and where gnCn is the usual pointwise product of functions 
on R. 

Proof, (i) For any e > , there is a fc G N such that [(PfcCn, e„)„ — l| < e by the Monotone 

oo 

Convergence Theorem. Thus there is a sequence (fci)^^^ such that ^ |(^'jt„e„, e„)„ — l| < oo . 

n=l 

oo 

(ii) Recall from Definition 13 . 1 2 1 that Span(t([e]_^)) is dense in the closure ^^"^^Hn of Je| , where 

ji=i 

oo oo oo 

[e]^ = |v e I ^ |||w„||„ - l| < oo and ^ | (e„, i;„)„ - 1 1 < ooj . 

n— 1 n— 1 n— 1 

With the given choice of (fci)igN and f we have 

rk„ + l 

{Pk^e-n, Crijn = l-^n{[~kn, fcn]) ^ / fn{x) d^n{x) = {fnen, en)n ^ 1 

SO that |(/n6ni Sn)n ~ l| ^ |(-Pfe„6n, e„)„ — l|, 

oo 

and hence ^ | e„)„ — l| < oo. As {fjY G Vfe^ for all £ e N, we have in fact that 

oo oo 

S |(/n^n' " 1 1 < OO for all £ E N . This implies that ^ |ll/ne„||^j — l| < oo which implies 

n— 1 71—1 
oo 

via Lemma 3.3.2 in lvN61' that ^ |ll/neri||n — l| < oo . Hence f ^ • e G [e]_ and so 



(oo„\/oo \ oo„ C)0 

® fu)[ ® ek) = ® /^e„G (g)!' 
n=l / \ k=l / n=l „=i 



Since any c e only differs from e in finitely many entries, the convergence arguments above will 

still hold if we replace e by c. Likewise, we can replace by any g ^ f ^ , i.e., we have shown 

°° °° r 1 

that (S gnCn ^ (S* for all g f and c^e. Since the multiplication map 



oo 
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is multilinear, it defines a bilinear map on Span! U |f^l) X |e] , denoted by (a, 6) !->• 7re(a)6 , thus 

obtaining the formula for TTe in the theorem. That TTe is a representation of * -alg(|f|) follows 
from the explicit formula, and the * -property is also clear. It remains to show that each TTe (a) is 

oo 

bounded (hence extends as a bounded operator to (^''^'^n )• It suffices to check this for the generating 

n=l 

elements of * -alg(|f|) . Let a e |fl with a ~ f : 

a = (ai (g) • ■ • (g) Op) (g) /p+i (g) /p+2 (g) • • • 

for some p < oo . Moreover any h € |e] can also be written in the form: 

p 

6 = 6p (g) Cp+i (g) ep+2 (g) • • ■ with bp e Hj , 

where we may take the same p as in the preceding expression (e.g. by adjusting the initial part). 
Then 

oo 

||7re(a)6|| = mp6p|| • ||/feefe||, where ApV = {ai ^ ■ ■ ■ ® ap)v. 

k=p+l 

. — - P 

Since Ap is bounded on the completion Hj of Hj, we have ||vlp6p|| < ||vlp|| • ||6p|| , and 
as ||/feefe|| < llcfell = 1 , we see that 



\K{a)br<\\Apf\\bpr- n \\ekr = \\A 

fe=p+l 



and hence TTe (a) is a bounded operator on |e] so extends to a bounded operator on 

n=l 



4.2 Definition Thus for any f € fl Vf-j , we can define 

OO 

^Af] ■■= C* (7r,( * -alg(Ifl))) C S((g^-l9^„) . 

n=l 

oo 

4.3 Remark Recall that we also have the unitaries 7r(:t(M^) C W( ^^^^V-n), where 

T^ixipi) ^ Ck = ® (exp -Cn) G |el, xgR('^\ c ~ e, exp (t) := e*^"* . 

fc=l Tl=l 

Then 

for all X e g ~ f ^ and ^ e N. The inclusion needed the fact that x has only finitely 

many nonzero entries, and that exp^^-Co(M) c Co(K). Thus 7r^(M^'^^) • >C^[f] C . Since for each 

X e 'MS^^ we can find a sequence (/,(g„))^g^ C |f] such that 7re((-(gn)) • 7r^(x) converges in norm 
to 7r,j(x), we have a faithful embedding of M^'*') as unitaries into the multiplier algebra M(£p[f]) 
denoted 77: R^'*') — >• M(£^[f]). In the next section we will investigate to what extent >C^[f] is a host 
algebra of E^^) . 
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4.4 Lemma With f as in Proposition 14. ir ii). we have 
(i) The C* -algebra Cf^[(\ is separable. 

(a) Let Lo be a pure state on C^[i], and let u) be its strict extension to the unitaries 

77(EW) c Af(/:^[f]) . Then Lo o Tj is a character and there exists an element a G M'^ with 
^ivi^x-)) = exp (i(x, a)) for all x e R^^' . 

Proof, (i) Since Tr^( * -alg(|f|)) is dense in >C^[f] , where 

* -alg([fl) = Spanjlf'^l | fc e N} and ^ = |J { (® CoW) ® /;^+2 ® ' ' ' }, 

m=l 

(i) follows immediately from the separability of Co(M) . 

(ii) As Cfj_[{] is commutative, any pure state w of it is a point evaluation, hence a * -honiomorphism. 
Thus the strict extension uj to 77(M('^)) C A/(£^[f]) is also a * -homomorphism, hence cj o ?y is 
a character. The restriction of uj o rj to the subgroup M" C M*^^) is still a character, and it is 

n 

continuous (since it is determined by the factor ® Co(K.) in C^[i] which is the group algebra of 

M" ) hence of the form uj o ri{x) = cxp(ix • a^"^) for some a*^"' G M" . Since uj o rj is a character on 
all of the family {a^"' e M" | n G N} is a consistent family, i.e., if n < to then a^"' is the 

first n entries of a^™) . Thus there is an a G such that a^") is the first n entries of a for any 
n G N. Then u) o 7/(x) = exp (i(x, a)) since for any x G M" C M.'^' this restricts to the previous 
formula for uj o rj . ■ 



Since >Cp[f] is separable and commutative, it follows from Theorem II. 2. 2 in |Da96| that all its 
cyclic representations are multiplicity free, and hence by Theorem 4.9.4 in |Ped89) . for any state uj on 
Cult] , there is a regular Borel probability measure ly on the states ©(£^[f]) concentrated on the 
pure states &p{£fj,[{]) such that 



ujiA)= / ipiA)diyi^) yAeC^[{]. (4) 

"'Sp(£„[f]) 

We will show that this decomposition produces similar decompositions to the one in ^ for other 
continuous positive definite functions than . 

Since >C^[f] is separable, it has a countable approximate identity {En}neN C /^^[f] (cf. Re- 
mark 3.1.1 |Mu90| ). For a state UJ on >C^[f], let UJ be its strict extension to the unitaries 
r7(MW) c M(/:^[f]) , then we have for any countable approximate identity {i?„}rigN C Cf^[{] that 

w o 77(x) — lim a;(77(x)£'„) = lim / (p{rj{ii)En) dv[ip) 

lim Lp{rj{'x.)En)dv{ip)= I (p o rj{x) dh'{(p) 

where we used the Lebesgue dominated convergence theorem in the second line, since |(/3(77(x)i?„)| < 1 
and the constant function 1 is integrable. 
By Lemma l4.4f ii) we can define a map 

C:6p(/:^[f])^Mf* by ^ o r;(x) = exp (z(x, for x G , 
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so using f we define a probability measure v on R'^ by v := ^^v^ and so: 

wor/(x)=/ exp (i(x, y)) di7(y) for x e R^^) , (5) 

wfiicfi generalises the integral representation ([2|) to those positive definite functions w which are strict 
extensions of states of i3/i[f] (and this includes o;^). We will obtain the full Bochner-Minlos theorem 
for R*^^) in a C* -algebraic context, if we can show that every continuous normalized positive definite 
function is of this type for some [i and some f . This is what we will do in the next section. 



5 Semi-host algebras for 



Inspired by the good properties which we found for £^ [f ] above, we now examine more general versions 
of these algebras. The semi-host algebras which we obtain will be the building blocks for the algebra 
hosting the full representation theory of R*-^^ , which will be constructed in the next section. 

oo 

For the rest of this section we fix a sequence {kn)n&\ G and f G H ^fe,. such that If| 7^ . 

n=l 

Then we have that 

*-alg(|fl) = Spanjlf*^] I /ceN} ==lunAn[f], where (6) 
An[f] := Span{A®---0^™®/™+i®/;^+2»--- I ^^eCo(R) VzeN, fceN} 

and the inductive limit is w.r.t. set inclusion of the * -algebras ylm[f] C A[f] if vn < I . By the 
Associativity Theorem 13. 3|, we can write 

(ra \ ^ 00 

{8)Co(R) ® *-alg( (g) 
k=\ ' ^ j=m+l 

The natural C* -norm on on the first factor is clear, but not on the second factor. So we next 
investigate possible bounded * -representations to provide * -alg(|f|) with a C* -norm. Since 



(CO \ 00 

/j J is generated by the single element E := /j , any representation tt of this 

j—m+l j—m+1 



* -alp, 

j=m+l ' j= 

* -algebra is given by specifying the single operator tt{E) . Since E is positive, we require 7r(i?)>0, 

00 

and as we want a tensor norm on the larger * -alg([f]), we need that ||7r(i?)|| < Y\ WfjW — ^ ■ 

j—m+l 

5.1 Lemma Let f S H ^fe™ "'^'^ ■ C'o(lR) — ^ B{'H) | fc G N} he a set of * -representations 

neN 

on the same space with commuting ranges. Then 

(i) The strong limit F^^^ := s-lim7rfe(/f) • • •7r„(/^) G S(7^) exists, and < F^^^ < 1 for kJeN . 

n— >-oo 

(li) P[f] := s-hmi^^^^ (an increasing limit) is a projection independent o/ £ G N satisfying 

(Hi) Let Q G B{'H) he such that < Q < 1 , and such that it commutes with 7rfc(Co(R)) for each 
/c G N. Let A -.^ Ai® ■ ■ ■ ® A^® ® /^_^2 ® • ■ ■ e * -a^5(Ifl) and define 

Then ttq defines a * -representation ttq : * -alg(Jifj — > B{H) . 
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(iv) The representation ttq is non-degenerate if and only if all iTi are non-degenerate, P[f] = 1 
and KerQ = {0} . // ttq is degenerate, KerQ = 0, and all nj are non- degenerate, then P[f] 
is the projection onto the essential subspace of ttq. 

Proof, (i) Since the operators TTkifl), '^jifj) ^ BCH) commute and are positive, it follows from 
joint spectral theory that their product nk{fl) ■ T^jifj) is also a positive operator. From 7rfc(/^) < 1 
for all k, £ E we derive that TTkifk) ' '^jifj) — ""fcC/fc) ^^'^ hence, for a fixed k , the operators 
Cn '■— T^k{fi) • ■ • T^nifn) form a decreasing sequence of commuting positive operators. Thus, by |Mu90[ 
Thm 4.1.1, p. 113], Cn converges in the strong operator topology to some limit pjf ^ . It is clear that 
pjf^ is positive, and using 

||r|| = sup{|(V', TV')! I ^ e IIV'II 1} whenever T ^ T* , 

it follows from ||C„|| = |Kfe(/fc) • • •7r„(/^)|| < 1 for all n that < 1 and hence that < 

<1. 

(ii) By definition, F^^-* = iTk{fl)F^^-^ and < TTkifi) — ^^"^ commuting sequence of 

operators {Fjf^^^^j^ is increasing, and bounded above by 1. Thus it follows again from Theorem 4.1.1 
in |Mu9Q] that the strong limit p(^)[f] := s-limF^^-* exists, is positive and bounded above by 1. Since 
the operator product is jointly strong operator continuous on bounded sets, we get 

Fi^V(^)[f] ^ s-lim7r,(/,^) . . . ^„-i(/,ti) • s-limF(^) 



lim7r,(A^) . . . TTn-iifLi) F^n^ - s-hmFf ) = F^^^ 



— s- 

Thus by pW[f] = s-limFf ^ = s-limF^^^^p(^) [f] = (P(^^[f])^ and the fact that p(^^[f] is positive we 
conclude that it is a projection. To see that P'^^ [f] is independent of I , note that for k < m we 
have: 



Pf Fi^") = s-lim^fc(/f) • • • ttMu) ■ s-lim7r,„(/4) • • • n^if^ 

= S-MmiTkifi) ■ ■ ■ -^m-lifL-l) ^mif^') ■ ■ ■ ^nifi+n 

n— >-oo 

= ^fe(/,0---7r,„_i(//„_i)Fif+^). (7) 



This leads to 



p(«)[f] . pO)[f] ^ s-limF.(^^ s-limF^^') = s-limF^^^P//' = s-limF//+J') = p(^+^'[f]. 

However, each pW[f] is idempotent, i.e., p(^) [f] = p(2^) [f] for all £eN, hence pW[f] is inde- 
pendent of i . 

(iii) Since * -alg([f]) — lini^m[f] = IJ ^„i[f] , it suffices to show that ttq defines a *- 

representation on each * -algebra ^,„[f], and that ttq restricts to its correct values on any ^^[f] C 
Am [f ] for k < m. Recall that 



Now 



Arn[{] = {8)Co(M) ® * -alg( (g) 

^k=0 ' ^ j=m+l 



A:=0 
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is a well-defined * -representation obtained by the universal property of the tensor product. Moreover, 
since * -algl fj ) is generated by a single element not satisfying any polynomial relation, the 

assignment 7r^™M fA :~ F^^^^Q > defines a * -representation tt^™' : * -alg( fj]^ 

J— m+l J— m+1 

. Note from Equation that F/jfl^ • i^^f^^^ = F^^P , which leads to the factorization 
7rQ(Ai®.--®A„®/i+i®/^+2®.-.) =7r(")(Ai®.-.®^™).7r(™)(( § 

Thus, since it is multilinear, we obtain a linear map ttq on ■4TO[f] , and as the ranges of the * - 
representations ttq and nb commute, ttq is a * -representation on ^m[f] ■ For k < m we have 
from the definition that 

oo 

(8) f,)^Ft+iQ^^k+i{fk+i)---7r^{UF^UQ 



and hence 



so it is clear that the value of ttq on ^fe[f] C ^m[f] is the same as the restriction of the map ttq 
defined on y^„i[f]. Hence ttq is consistently defined as a * -representation of * -alg(|fj) . 

(iv) Note that by Flf^P[{] ^ Fjf^ , we have 7rQ(A)P[f] = ngiA) for all A e * -alg(|f]) , hence, 
if P[i] ^ 1 , then ttq (*-alg(|f])) has null spaces, i.e., ttq is degenerate. Likewise, if KerQ ^ {0} 
then TTQ is degenerate. Moreover, if any tt^ is degenerate, then since by commutativity: 

TTQ{Ai(g>---^A^(g, (g) /^+2 ® • • • ) = '^l(^l) • • • '^C^) • • • ^miAm) F^I^Q''tT,{A,) , 

where the hat means omission, it follows that ttq is also degenerate. 

Conversely, let ttq be degenerate, i.e., there is a nonzero ^ H such that ttq{A)4> — for all 
A , hence 

TTQ{Al(g,---(g,A^(8) (g) /^+2 (E>---)lp^ TTl{Al) ■ ■ ■ TT^{A„,) F^^IiQV - 

for all Ai £ Cq{M.) and ni, £ E N . If all ttj are non-degenerate, then it follows inductively that 
F^'^Q^i: ^ for aU m and £ . If Ker Q = , then F^fV-' = for aU m , hence P[f]V' = , i.e., 
P[f] ^ 1 . 

By the last step we also see that when ttq is degenerate, KerQ = 0, and all TTj are 
non-degenerate, then P[f] is zero on the null space of ttq. Since P^^''P[f] = P^^-* by (ii) it 
follows from the definition of ttq that 7TQ{A)P[i] = ttq{A) for aU A e *-alg(|f]) . Thus P[f] 
is the identity on the essential subspace of ttq, i.e. it is the projection onto this essential subspace. ■ 



5.2 Definition Using this lemma, we can now investigate natural representations of * -alg(|f|) . Start 
with the universal representation of R'^-' denoted 7r,j : M^^' U{'Hu) which we recall, is the 
direct sum of the cyclic strong-operator continuous unitary representations of ]R(^\ one from each 
unitary equivalence class. Since for the A:*^ component we have an inclusion M C M*^^) by x — 
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(0, . . . , 0, a;, 0, 0, . . .) ( fc**^ entry), 7r„ restricts to a representation on the fc*^ component, denoted 
by TT^ : M — > U{'Hu) ■ By the host algebra property of C*(M) = Co(M), this produces a unique 
representation tt^ : Co(K) — s> B{Hu) , which is non-degenerate. Since the set of representations 
{tt^ : Co(K) B{Hu) \ k £ N} have commuting ranges, we can apply Lemma [5.11 with Q = 1 , to 
define a representation 7r„ : * -alg(|f]]) B{'Hu) by an abuse of notation. Below we will use the 
notation F^^j. for the operator i^^^' of 7r„. 

5.3 Definition The C* -algebra C[{] is the C* -completion of 7r„( * -alg[m)) in B{'Hu) ■ 

5.4 Remark (1) We see directly from ^ and the separability of Co(M) that £[f] is separable. 

(2) Observe that the representation 7r„ of *-alg(|f]) may be degenerate. Although all Trjf are 
non-degenerate, it is possible that P[f] ^ 1 . By Lemma lOT iv) it then follows that P[f] is the 
projection onto the essential subspace of 7r„. 

(3) Since C[i] C B{'Hu) is given as a concrete C*-algebra, this selects the class of those represen- 
tations of C[i] which are normal maps w.r.t. the cr-strong topology of B{'Hu) on C[i]. We 
will say that such a representation tt is normal w.r.t. the defining representation 7r„. This 
will be the case if the vector states of 7r(£[f]) are normal states for 7r„ {C[i]) (cf. Proposi- 
tion 7.1.15 |KR86) 1. 

(4) From Fell's Theorem [li60l Thm. 1.2] we know that any state of C[i] is in the weak-*-closure 
of the convex hull of the vector states of . 

We will need the following proposition. 

5.5 Proposition If S cN is a finite subset, then 

(i) there is a C* -algebra Bs[f\ C B{Hu) and a copy of the C*-complete tensor product := 
Co(R) in B{Hu) such that 

£[f] = C*(/:^ • Bs[i]) = /:^®i3s[f] . 

(a) the natural embeddings Qs ■ M{C^) M{C[{]) = M{C^®Bs[f]) by (s{M){A(g)B) := {M ■ 
A) ® B for all A £ and B £ Bs[i] are topological embeddings w.r.t. the strict topology on 
each bounded subset of M{C^) . Moreover, is dense in M[C^) w.r.t. the relative strict 

topology of Af(£[f]) . 

(Hi) The group homomorphism rj: R^^) — > Af(i2[f]) is strictly continuous. 

Proof, (i) By associativity (Theorem ES]): (g) Co(R) = ( (g) Co(K)) ® ( Co(K)) , and so, 

applying this to * -alg(|f]), and using the fact that it is the span of elementary tensors of the type 
Ai®---®A„i® f^^-^ ® /^^2 • • • with A^ £ Co(M) and m, £ e N, we get 

* -alg([f]) = (® Co(M)) ® ( * -alg([fN\5l)) , 
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where {iN\s)t — ft for t G N\5 and * -alg(|fN\5]) denotes the * -algebra generated in Co(M) 

teN\s 

by 

Below, we need unital algebras, so adjoin identities, and define 



Co 



:i+ {g)Co(i 

ses 



C1+ *-alg([fN\sl)) C 0(Cl + Co(M)) 



fe=i 



which contains * -alg(|f|) as a * -ideal. Since tt^, ( * -alg(|f|)) acts non-degenerately on its 
essential space Hess C Hu, it determines a unique extension of to a representation 

TTu : Co ^ B{Hu), if we let the null space of 7r„ be n^^. Define C := C*(7r„(Co)) = C*{A-B) 
where 



^:=C*(7r„((Cl+ {g)Co(IR)) (8)1 



and 



B := 



(C1+ * -alg([fN\5l) 



Thus the unital C* -algebra C is generated by the two commmuting unital C* -algebras A and B. 
Moreover, since 7r„ contains tensor representations (w.r.t. the two factors of * -alg(|f]) above), 
it follows that if AB = for an A e A and a B e B, then either A ^ or B ^ 0. Thus 
by |Tak79[ Ex. 2, p. 220], it follows that C = A^B , where the tensor C* -norm is unique, since both 
A and B are commutative, hence nuclear. We conclude that the original C* -norm defined on C is 
in fact a cross-norm. Since its restriction to 



* -alg(Ifl) = (0Co(M)) ® ( * -alg([fN\5l)) C Co 



is still a cross-norm, and the latter is unique by commutativity of the algebras (given the norms on 
the factors), it follows from C*[tTu{ Co(K))] = 0sgsCo(]R) that 



ses 

0Co(M)) ®C* 

ses ' 



7r„(^l ® (*-alg(|fN\sl) 



C* 



7r„((0^Co(M)) ® l) ■ 7r„(l ® (*-alg(|fN\5l)) 



where Hs[f] := C* [7r„(l ® ( * -alg([fN\sl))) 

(ii) This follows from (i) and Lemma A.2 in [GrNOQj . 

(iii) Since 77(1^*^'*^)) consists of unitary multipliers, it suffices to verify that the set of all elements 
A e £[f] for which the map 

is continuous span a dense subalgebra. To establish this, let A — L{y) for some y ^ f for some 
A: G N . Now M*^^) is a topological direct limit, so that it suffices to verify continuity on the finite 
dimensional subgroups M". For these, it follows from the strict continuity of the action of the group 
M" on its C* -algebra C*(K") Co(M") and the fact that by part (i) we have 

£[£] ^ Co(M")§^, 

for a C* -algebra A , where R" acts by unitary multipliers on the first tensor factor and the identity 
on the second factor. ■ 
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Note that for S — {l,2,...,n}, the map C5 identifies R" C UM{C^) with the unitaries 
M" C R(^) C UM{C[f]) . Below we will abbreviate the notation to := £{i^2,...,n} ^ 0'^'^^Co(K) . 
For ease of notation, we sometimes also omit explicit indication of the embeddings Csj using inclusions 
instead. 

Next, let TT : £[f] B{Hti) be a given fixed non-degenerate * -representation. Let tt denote 
the strict extension of tt to M{C[f]) , so that tt^ := tt f C^''^ and tt^") := tt \ £'^"^ are the 
strict extensions of tt to C^''^ C M{C'^''^) M(/:[f]) and C M(£[f]) 

respectively. Then {TT/t | fc G N} is a set of non-degenerate representations with commuting ranges 
as in Lemma l5. 11 hence we specialize its notation to: 



Fjfl := s-\imTTkifi) ■ ■ ■ TTnifi) e B{n^) and P^i] s-limF^ ^ G . 

■ n— »oo k~^oo ' 

Since the commuting sequence of operators (^i^fc)^^ increasing, PTr[t] ^ 1 implies that there is 
a nonzero ip € H.^ such that ^V' = for all k and i . 

We will show in the next proposition that, for a certain choice of Q , there is a representation ttq 
constructed as in Lemma 15.11 from the set {vrfc | fc £ N} which coincides with tt . 

5.6 Proposition Fix a non-degenerate * -representation ir : C[f] i3(7^7r) with Tin 7^ {0}. 

n — 1 factors 

(i) Let Bn tt{1 ® ■ ■ ■ ® 1 ®fn ® fn+i ■ • ■ ) . Then the strong limit Q :— s-limi3„ exists and 
satisfies < Q < 1- 



(li) If A:=Ai®---®Am® f,i+i ® /4+2 «> • • • e * -alg{lii) , then 

TTiA) = ^1 ( Ai ) 712 ( ) • • • ^™ (Am) F^^i+i Q' = TTQ (A) , 

i.e., ttq = TT \ *-alg{li^) . Moreover P,r[f] = 1 and KerQ = {0} . 
(iii) Let 7r(") : B{Hrr) denote the strict extension of tt to C M{C{lij)) . Then 

tt{Li® L2® ■ ■ ■) = s-lim TT^") (^10^2®---® Ln) 
for all elementary tensors Li® L2® ■ ■ ■ G |f^] C * -a/3(|f]). 

Proof, (i) We need to prove this claim in greater generality than stated above, for use in the subsequent 
part. By definition, we have for A:~ Ai® ■ ■ ■ ® A^ f® /m+i ® fm+2 ^ ■ ■ ■ & * -alg(|f]) , that 

TT^iA) = ttHA,) ttHA^) ■ ■ • 7r™(A„) Fi^i+i e C[i], 



that Fi% €M{C[f]) . Thus the operator 



where F^'l := s-hm^^(4^) • • • = ^„(l ® • • • 1 ® • • • ) e i3(7^,) . Hence we have 



-1 fact( 



■ors 



satisfies < bH'' < 1 since < Fi% < 1 . As B^'^ = 7r„(/^)Bf2.i and 7r„(/^) < 1 is a positive 
operator commuting with B^},, we see that Bn ^ < s'+i . Thus the strong limit Q^^^ :~ s-lim si^'' 
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exists by Theorem 4.1.1 in [MuQOj . and satisfies < Q^^^ < 1 (note that Q^*") ^ since TT IS 
non-degenerate and T-L„ =/= {0}). Since the operator product is jointly strongly continuous on bounded 
sets we have: 

q(^)q(") = s-limS=(l ® ■ • • ® 1 ® «) ■ • • ) s-lim^?(l ® • • • ® 1 ® /r /fc™ 1 ® • • •) 
= s-lim5^(l • • • 1 «) ® , 1 • • • ) i(l • • • ® 1 /™ ® • • • ) 



s-lim^(l • • • 1 /^+" f+_^ ® • • • ) - 



Thus Q(^) = where Q := Q^^) . 

n — 1 factors 

(ii) Now Bk^^ = i( 1 • • • 1 (g)/^ (g) «)•••) 



7r(l » ■ • • (g) 1 g) //^ (g) 1 «) ■ • • ) • 7r(l (g) • ■ • ® 1 (g) /^^i g) /^^2 



A; factors 



s-lim7r„(/^) • • • 7rfc(/^) 7r( 1 ® • • • g) 1 g)/^+i ® /, 



k+2 



= s-lim7r„(/^) • • • TTkifi) s-lim 7r(l g) • • • g) 1 g> //„+i g) /^,+2 «>•••) 

^ fWqW^^^Wq^ (8) 

where we used again the joint strong operator continuity of the product on bounded sets. Let A := 
g) • • • g) g) g) /^+2 «>•••£ * -alg([fl) . Then 

Tr{A) = 7ri(Ai)-i(lg)A2®A3g)---g>A™g)/^+ig)//„+2®---) 

= 7Ti{Ai) 7r2(yl2) • • • 7r„(A™) • i(l g) • • • g) 1 g) g) //„+2 ® • • • ) 

= 7ri(Ai)7r2(A2)---^™(A™).^^i^^+ig^ = ^Q(A) (9) 

making use of ([8|) above. Since tt is non-degenerate, it follows from Lemma [S.lf iii) that /^[f] = 1 
and Ker Q = {0} . 

(iii) Note first that from Proposition 15. 5( 11) above and |Tak791 Lemma 4.1 on p. 203] that 
7ri(Ai)7r2(A2)---7r„(A„) = 7r(")(^i g) • • • g) A„) for ah e Co(M). Thus, if we continue equa- 
tion ([SJ above 

7t{A) = MA,)7T2{A2)---TT^{Ar^)-Fjfl^,Q' 

= Tri{Ai) Tr2{A2) ■ ■ ■ TTmiArn) S-lim TTm+i (/^i^ )••• 7r„ (//j 

n— )-oo 

= S-lim 7r(")(Ai g) • • • g) g) <S>---®f^)Q^ 

n— >oo 

which establishes the claim. H 



5.7 Definition Given a representation tt of C[i], we will call its associated operator Q its excess. 

This proposition creates a difficulty for the host algebra project, because by part (iii) we can see that 
to construct its representations, we need more information than what is contained in the representations 
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of R*^^, i.e., we need the excess operators Q . It is therefore very important to estabUsh whether 
there are representations ttq with Q 7^ 1 (below we will see such ttq will not be normal w.r.t. 7r„ ). 

5.8 Proposition Let f he as before and let : Co(M) — > B{T-L) \ fc G N} he a set of * - 

representations on the same space with commuting ranges. Then for any positive operator Q £ B{T-l) 
with Q < 1 which commutes with the ranges of all Wk, we have that ttq : * -alg(Ji}) — B{'H) 
extends to a * -representation of C[{] . 

Proof. We show first that a (Fu^k) — [0, f]. Let w be a character of M^^). Then since it is a one- 
dimensional subrepresentation of 7r„ there is a vector G Hu such that ''i'u(x)'0w) = ^{^} 
for aU X e M(^). Then ujkih) = (-ip^^ , Tr^{h)Tpuj) for aU h G C^''^ = Co(M) is also a character, hence 
a point evaluation at a point e M , and in fact we obtain all point evaluations of C^''^ = Cq{M) 
this way. Thus 

00 

s-limc^fc(/,) • • • c^„(/„) = lim ^(a;^) • • • /„«) = TT /„«) G [0, 1] , 

n— >oo n— >-oo 

n—k 

and as we can choose our cj, hence points G M arbitrarily, it is clear that we can find uj to set 
Fuj^k equal to any value in [0, 1]. Since 

k—l factors 

F^^k ■■= hm UJk{fk)---OJn{fn) =U)il®---®l®fl®fi+i®---) = U^,Fu,k^uj) 

defines a character on G*{Fu.k) we see that cr (i^u_fc) = [0, 1] . Since for {nk | fc e N} and Q as in 
the initial hypotheses we always have that < F.,, kQ < 1, it follows that cr[F-^,kQ) ^ [0, 1] = cr {F^^k) 
for all k. 

Next, note that in a diagonalization of Fu^k > we can write it as Fu.k{x) — x for x e u{Fu.k)i 
and hence ||p(i^u,fc) || = sup{|p(a;)| | x E (j{Fu,k)} ■ From this it is immediate that cr (F^^^Q) C 
a{Fu,k) implies ||_p(F^,fe(5)|| < || for aU polynomials p . 

Finally, recall that * -alg(|f]) = lim^m[f] where 

A„[f] := Span{v4i ®---®Am® ft+i ® ft+2 ® • • • | A, e Co(M) V i G N, A: G N} 

and the inductive limit is w.r.t. to the inclusion ,4m [f] C Ae,[i] . Thus C[i] is the inductive limit of 
the C* -closures Cm of 7r„(,4m[f]) w.r.t. set inclusion. Since 

{g)Co(M) U(*-alg( (g) 

k=0 ' ^ ■j=m+\ 

and the norm of £[f] is a product norm by Proposition lS.Sr i). we have that £,„ = £^™^(8)C*(F„,„i-|_i) . 
Next we define (as in the proof of Lemma [STlJiii)) two * -representations ttq : (g) Co(]R.) — > S(H) 



and TT^™'' : * -alg( (g) fjj^ B{'H) as follows. First, we have that 

^ 7— m+l ^ 



" j—m+ 
rn 

T^i"^ : <S) Co W ^ ^(^), 'r('")(Ai ® • • • ® A„0 := 7ri(Ai) • • • 7r,„(A„) 
defines a well-defined * -representation by the universal property of the tensor product. Moreover, 



smce * 

^ j=m+ 



&lg( (S) fj ) is generated by a single element not satisfying any polynomial relation, the 
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assignment 7r["^V fA '= F^^^^Q > defines a * -representation tt^"^-' : * -algf fjj^ 

^ j—7n-\-l ^ ^ j'— m+1 ^ 

. Note from Equation © that F^^\^ ■ Ff^_^^ = -F^m+i ' . which leads to the factorization 

Now Tri™-* has a unique extension to , and as tt^™^ is defined on the dense * -algebra 

* "^-Igl ® {p{Pu.k) I P a- polynomial} on which it is continuous by the fact proven above, 

j—m+l 

that \\TT\^\p{Fu.k))\\ = \\p{FT:^kQ)\\ <\\p{Fu,k)\\- Thus it extends uniquely to C*(F„,„j+i), hence 
tTq has a unique continuous extension to Cm ■ Since tt^ respects the inductive limit structure (since 
it does so on the dense subalgebra * -alg(|f]) and is continuous on all Am ) it follows that ttq 
extends uniquely to a continuous * -representation of C[(\ . ■ 

We conclude that there is an abundance of representations tt of £[f] with Q ^ 1. 

Having investigated the representations of C[i], we next consider its host algebra properties. First 
label the unitary embedding 77 : M^'^^ Af(£[f]) where 

77(xi, . . . , a;„, 0, 0, . . .){Li ® L2® ■ ■ ■) ^ rii(xi)Li ® T7„(a;„)L„ Ln+i ® Ln+2 <8) • • • 

= <!^{i,....n}(^i' ■ • ■^^n){Li ®L2®---) 

for all (xi, . . . ,a:„) e M", n e N, L, e = Co(M), and where 77^ : M ^> M(C*(M)) is the usual 
unitary embedding. Then the map 77* : Rep(£[f],'H) Rep(R^^',H) consists of the strict extension 
of (non-degenerate) representations of C[{] to r7(M'^^)), i.e. 

77*(7r)(x) := s-lim7r(77(x)£;c,) for x G M^"**^ 

and any approximate identity {^a^aet^ Since C[i] and IR(^) are commutative, their 

irreducible representations are all one-dimensional, hence 77* takes irreducible representations to irre- 
ducible representations. 

5.9 Theorem Given the preceding notation, we have that 

(i) rj : M^'^) — > il/(>C[f]) is continuous w.r.t. the strict topology of A/(£[f]) . 

(ii) Let RepQ(£[f], denote those non-degenerate * -representations of C[i] with excess operators 
Q = l (cf. Provosition 1 5. 6\) . Then 77* is injective on RepQ(>C[f], . 

(Hi) The range 77* (Rep(£[f], "H)) is the same as 77* (Repg (£[f], "H)) and consists of those tt £ 
Rep(M*^'*^\ H) such that 1 = s-lim_Ffe where := s-lim7rfc(/fe) • • • 7r„(/„) with tt^ the unique 
representation in ^ep(L^^\'H) such that r]^{TTk) = tt f Me^ , where eu G M*^'*') is the fc"^ basis 
vector. 

(iv) For a state lo G (S(£[f]) , its GNS-representation tt'^ is in RepQ(>C[f], 7^^^) if and only if 

n—l factors 

wG6o(/:[f]) :={(/3G6(£[f]) I lim (^(T^"^~^® /„»/„+! »•■•) 
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Moreover, the restriction rj* : &q(^C[{]) — > ©(R*-^^) — states of M^'*'', is injective, with range 
consisting of 

LJ e 6(R(^)) such that lim lim {n^, Trtifk) ■ ■ ■ <(/„)r2c^) = 1 
with -K^ as in (Hi), and fl^^ is the cyclic GNS-vector. 
(v) TT is normal w.r.t. the defining representation 7r„ of C[f] if and only if Q = 1 . 

Proof, (i) This is proven already in Proposition 15 . ST iii) . 

(ii) Let TT G RepQ(£[f], and let tt be its strict extension to M(£[f]). As tt is strictly 
continuous, (i) implies that the unitary representation 77* (tt) = tt o 77 : M*^'*'' — > U{'H) is strong 
operator continuous. We need to show that if is injective on Repg If 77* (tt) = 

for two representations tt, tt' € Repo(£[f], "H) , then 77^^ „}("■) — V{i „}(""') I]^" C M^^' for 
all n £ N. But Span(77(„) (R")) C M(>C*^"^) is strictly dense, and by Proposition I5.5f ii) this is still 

true for the strict topology of M{C[{]) D ^^{M{&'^)). Thus ^ \ C{i,...,„} (-C^"') = tt^"' = 

tt' \ ^-"^"^ Pi'oduce the same representation tt^"^ : — > B{'H). Thus by 

Proposition 15 . 6f iii) (using Q = 1 ) we find 

7r(Li (g) L2 (g) • • • ) = s-lim7r("^(Li (g) L2 ® • • • ® ^n) = 7r'(Li L2 (g) • • • ) 

n— >oo 

for the elementary tensors in * -alg(|f|) , i.e., tt = tt'. Thus 77* is injective on Repo(£[f],H). 

(iii) To see that 77* (Rep(£[f], "H)) = 77* (RcpQ(£[f], H)) , note that for ttq as in Lemma [57T] 

7rQ(7;(a;i, . . . , a:„, 0, 0, . . .)(Li ® L2 g) • • • )) 

= 'KQ(ril{xi)Li g) • • ■ ® rin{Xn)Ln <E) Ln+l g) Ln+2 ® ' ' ') 

= s-lim7r'^'')(77i(a;i)Li g) • • • g) 77„(x„)i„ (g i„+i g) L„+2 (8 • • • g) Lk)Q^ by Prop. |5J(ui) 
= s-lim7ri(7yi(a;i)Li) • ■ •7r„(7;„(a;„)L„)7r„+i(L„+i)7r„+2(in+2) • ■■T^k(Lk)Q^ 
= 77i7ri(a;i) • • • 7;*7r„(x„) s-limTTi (ii) • ■■Trk(Lk)Q^ 
= rjliTiixi) ■ ■ •77*7r„(x„)7rQ(Li g) L2 g) ■ • ■ ) 
for Li (g L2 (Xi • • • G [f^l C * -alg(|f|), which shows that 

7?*(7rQ)(a;i, . . . , a;„, 0, 0, . . .) = r/*(7ri)(a;i, . . . , a;„, 0, 0, . . .), 

and establishes the claim. 

To characterize the range of rj*, let tt G Repo(£[f],H) and note that as it is non-degenerate, we 
have from Lemma 15.11 that 

1 = P. [f ] := s-lim F^'l where F^'l := s-lim (fi) • • • 7r„ {f^) G , 

fc— >oo ' ' n— >oo 

and TTfe = TT [■ From the uniqueness of the strict extension tt on M{C[t]) and the fact that the 

strict topology of AI{C^''^) C M{C[i]) coincides with that of M{C[i]) on bounded subsets, we see 
that 7;^(7rfe) = 77*7r I" Refe and hence Ft — F^l. Thus 1 = s-lim F^. 

Conversely, let tt G Rep(R(^\ ■Hjr) be such that 1 — s-\\mFk. We want to define ttc G 
RepQ (£[f], 'Htt) such that ri*{'Kc) = tt . Consider first the case that tt is cyclic. Recall that £[f] 
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is the norm closure of 7r„( * -alg(|f|)) . By definition of 7r„, H,r is a direct summand of Hu 
and there is a projection e 7r„(]R(N))' such that 7r(x) = P^t:u{x) \ for aU x e M^^^. 
Then 7rfe(A) = Pr7r^(A) t for all A £ C^''\ and hence h = PnF^^l \ . We define 
TTc ■ C[i] — > BCHtt) by 7r£(A) := Pj^iTuiA) \ 'H-^ which is obviously a * -representation, satisfy- 
ing Fjr^^k — Fk, with excess 1 (as it is normal w.r.t. ), and as 

P-rrA'^] ^ s-limF^^^k = s-limffc = 1 

by hypothesis, nc is non-degenerate. Next, relax the requirement that tt be cyclic. Then tt is a 
direct sum of cyclic representations. Let (tt"^, He) be a cyclic subrepresentation of tt, and denote the 
projection onto He by Pc- Since tt [" Re/j also preserves , it follows that 7t^{A) = PcTr^^{A) \ He 
for all A G C^'^y Now, recalling that 1 — s-limPfe where Fk :— s-lim7ri:(/fc) • • • 7r„(/„), we have 

k — ^OO 71 — ^oo 

that 

In, ^ Pe \ He = Pe S-lim Ffe \ He = S-lim S-lim PeTTk{fk) ■ ■ ■ 7r„(/„) \ He 

fe— >oo A;— >oo n— >oo 

= S-lim s-lim tt^ (/^ ) • • • n^^ (/„ ) = s-lim F^ 

k^oo n— >oo fc— >oo 

where Fj: :— s-lim ttS (/fe) ••• 7r,'j(/„). Thus, by the previous part we can construct a nondegenerate 

n— f oo 

representation tt^ : £[f] B{He) by 7r£(A) := P^c7rti(A) f Htt^ which is normal w.r.t. 7r„. Define 
7r£ : £[f] — > /B(7{7r) as the direct sum of all the tt^. Since this is normal w.r.t. ttu and nondegenerate, 
we have that ttc £ RepQ(£[f], T^tt)- 

Since the strict extension of ttc produces the same representations tt^ on C^^"^ than obtained 
from TT I" Refe , the strict extension of 7r£ must coincide on R^^^ with tt, i.e. 77* (tt^) = tt . 

(iv) It is immediate from the definitions that if tt" G RepQ(£[f], "Hcj) , then to e ©o('C[f]) . 
Conversely, let uj G &o(^C[{]). Then, as £[f] is commutative, we know C[{] = Co{X), with X its 
spectrum. Then there is a probability measure ^ on X and a unitary J7 : Huj ^ {X, fi) such 
that (L/7r"(/i)V')(x) = /i(x)(C/V')(a;) for aU /i e Co(X), i^GHu:, xeX, and moreover ?7 fl^ — 1 . 
Then 

n — 1 factors 

1 = lim 2(1(8) •••(8)1(8) /„ eg) /„+i = Qf]^) 

(C/Q?7^^)(a;) d^(a;) and as < Q < 1 we have: 

= / |l - {UQU-^){x)\ d^i{x). 
Jx 

Hence (C/Qt/"i)(j:) = 1 /^-a.e., i.e., Q = l and thus tt-^ G Repg (£[£], . 

The last part of the claim now follows from this, (iii), and the observation that ifu){g) = 
(r^tj, rj* TT^ {g)Vl^^) for all g G Note that the state condition on the range of 77* implies the 

operator condition in (iii) by a similar argument than the one above for Q . 

(v) Let TT be normal w.r.t. 7r,i(£[f]) . Then it is continuous on bounded sets w.r.t. the strong 
operator topologies of both sides, hence Q — s-limPi^' — s-lim 7r(Fi^2) = ??( s-lim P^]^) . However, 

by Lemma [S.lT iv) we have that Pu[f] = s-lim F^^i is the projection onto the essential subspace of 
7r„(>C[f]). Thus, since £[f] is in fact defined in 7r,j, it follows that P[,[f] is the identity for 7rtj(£[f]), 
hence Q = 7r( s-hm Pi^l) = 1 . 
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Conversely, let Q ~ 1, then by part (iii) ri*7r is a continuous representation of R(^\ and by 
Proposition 15. Gf iii) (with Q ~ 1) we have that 

7r(Li (g) L2 "X) • • • ) = s-lini7r(")(ii (g) L2 ® • • • ® -^n) = s-lini7ri(Li)7r2(L2) ■ • •7r„(L„) 

for all elementary tensors Li (g) L2 <S^ ■ ■ ■ £ |f^]l C *-alg([f]). This is precisely the formula 
in which Lemma 15.11 defined representations on * -alg(|f]]) which we used to define tTu- Now 
7r„(MWy/ ^ |jrW(£(n)) I jj(=N}" = nu{C[i])" and a similar equation holds for n. Since the 
cyclic components of tt are contained in the direct summands of 7r„, there is a normal map 
ip : 7r„(£[f])" — > B(T-Ln) such that o tt,; = tt. Thus tt is normal to 7r„. ■ 

Thus, though C[f] is not actually a host algebra for 'MS^\ it does have good properties, e.g., 
rj* is bijective between two large sets of representations, and it takes irreducible representations to 
irreducibles. In fact, using the algebras £[f] , we can now give a full C* -algebraic interpretation of 
the Bochner-Minlos Theorem. Our aim is not to re-prove the Bochner-Minlos Theorem in the C*- 
context, but just to identify the measures and decompositions of it with the appropriate measures and 
decompositions arising from the current C*-context. First, we transcribe Lemma 14.41 for the current 
context: 

00 

5.10 Lemma As before, let f G Yi ^fen such that |f] 7^ . Let u) he a pure state on C[(\, and let 

UJ be its strict extension to the unitaries 77 (R*^*^)) C i\f . Then u) o rj is a character and there 

exists an element a G R^ with w(?7(x)) — exp (i(x, a)) for all x G R'-'*^ . 

Proof. As C[(\ is commutative, any pure state lu of it is a * -homomorphism. Thus the strict 
extension uj to ?7(R*^''^) C M(£[f]) is also a * -homomorphism, hence w o 77 is a character. The 
restriction of uj o rj to the subgroup M" C M'-'^-' is still a character, and it is continuous (since it 

n 

is determined by the factor ® Co(R) in £[f] which is the group algebra of R" ) hence of the 

form UJ o 7](x) = exp(ix • a^")) for some a*^"^ G R" . Since uj o rj is a character on all of R(^\ the 
family {a*^"' G R" | n G N} is a consistent family, i.e., if n < m then a'") is the first n entries 
of a^™) . Thus there is an a G R^ such that a*^") is the first n entries of a for any 71 G N . 
Then ui o 77(x) = exp (i(x. a)) since for any x G R" C R^^'' this restricts to the previous formula for 

UJ OTj . ■ 

Thus there is a map from the pure states &p{C[i]) to R'^ denoted by 

C : &p{L[i]) R^ satisfying ^(?7(x)) = exp (i(x, ^(^3)}) V x G M.'^^^ , (fi G Gp{C[t]) ■ 

00 

5.11 Theorem For each state oj of R'^^ there is an f G Y[ where fc„ G N and a unique state 
Wo G (3o('C[f]) such that ri*{ujo) = oj . Then 

(i) there is a regular Borel probability measure v on concentrated on the pure states 

(3p(iZ[f]) such that 

ujo{A)= [ ip{A)d,y{ip) \fAeC[{]. 

Jepic[f]) 
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(ii) The probability measure v on R'^ given by v :~ ^^v is (up to sets of measure zero) the 
Bochner-Minlos measure for lu , i.e., 



;(x) = / exp (i(x, y)) tK{y) Vx G 



Proof. Fix an w G S(M'^'^)). Then by Theorem IS-Qf iv) it suffices to show that there is an f G 

oo 

Yl Vk„ such that lim lim [Vt^, n'^{fk) ■ ■ ■ TT':^{fn)^u) = ^ ■ However, since there is an approximate 

oo 

identity {En}nen of Co(R) in U T/„ , it is possible to choose an f satisfying this limit condition, 

n— 1 

and we do this as follows. Since lim Ti'i{En)^uj — choose for each n G N an /„ := Ek„ such 
that ||7r5^(i?fc„)f2(^ ~^ui\\ < 1/"-^ • Then for 1 < fc < n we have: 

+ <{h) ■ ■ •<-2(/n-2)«_i(/„-l) - 1)0. + • ■ • + - 1)^. . 

Hence: ||7r^(/fc) < 1^ + + ■ ■ ■ + ^ 

rn+l , ^ ^ 

< / — ax = 

Jk-i ^ fc — 1 n + 1 

from which we see that lim lim 7r^(/fc) • • • 7r,^(/„)fitj — fJ;^ = 0, and this implies the required limit 

k—^oo n— ^oo 

condition. 

(i) Since C[f] is separable and commutative, it follows from Theorem H.2.2 in [Da96| that all its 
GNS-representations are multiplicity free, and hence by Theorem 4.9.4 in |Ped89) , for any state ujq 
on C[i] there is a regular Borel probability measure ly on (3(£[f]) concentrated on the pure states 
ep(£[f]) such that 

ujo{A) = / ip{A) dv{ip) VA G C[t] . 

Jep[c[i\) 

(ii) For the state wo on £[f], let loq be its strict extension to the unitaries ?7(M(^)) C M(£[f]) , 
then we have for any countable approximate identity {En^neH ^/^[f] that 



woo'yW = lim a;o(fy(x)£;„) = lim / Lp{ri{y.)En) dv{Lp) 



lim ip{ri(x)En) diy{ip) = / ip o r]{x) diy{ip) 

6p(£[f]) JeAm) 

where we used the Lebesgue Dominated Convergence Theorem in the second line, since |(/3(77(x)i?„) | < 
1 and the constant function 1 is integrable. If we define a probability measure 1/ on IR'*^ by 
:= £,^.Iy , where the map : (3p(>C[f]) — >■ E'^ given hy tpo 7y(x) — exp (z(x, e(v'))) for x G was 
mentioned above, we obtain 

a;(x) Wo o77(x) = / exp (i(x, y)) dj;(y) VxgR^^'. 

Hence ly coincides (up to sets of measure zero) with the usual Bochner-Minlos measure on R^ by 
uniqueness of the measure on R^ producing this decomposition (cf. Lemma 7.13.5 in jBo07j ). ■ 
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Thus we can interpret the Bochner-Minlos Theorem as an expression of the pure state space 
decompositions of the C* -algebras C[i] . We will not consider the uniqueness of the measures in the 
decompositions of the Bochner-Minlos Theorem, as that is easy to prove. 

To understand £[f] at a more concrete level, we consider its spectrum X . Since £[f] is commu- 
tative, we know C[i\ = Co(^), and as each lo € X is a character, we obtain from Propositions 15.61 
and [5^ that 

Uj{Li® L2® ■ ■ ■) ^ lim UJi[Li)uj2{L2) ■ ■ ■ UJn{Ln)q^ 

for all elementary tensors Li ® L2 C$i ■ ■ ■ G |f^] C * -alg(|f]) , where q G (0, 1] and each uji is a 
character of C^''^ — Co{^) hence a point evaluation LUi{f) = f{xi) . Since w is uniquely determined 
by its values on * -alg(|f|) , this defines (via Proposition l5.8l) a surjective map 

7:Rf*x (0,1]^XU{0} by 7(x, ® L2 ^ • • • ) Mm Li{xi)L2{x2) ■ ■ ■ Ln{xn)q^ 

for Li (g) L2 ® • • • 6 [f^] . To obtain a bijection with X from 7, note that if A := Li ® L2 ® ■ ■ ■ — 
Ai®---®A^® ® /^+2 «) • • • 6 * -alg(Ifl) , then 

00 00 

uJk{Lk) ^ Ai{xi) A2{x2) ■ ■ ■ A^{x^) Jl fk{xkY^Q \IA,,m,l 

k—l k—m+l 
00 

if and only if lim Y[ fk{xk) — . Thus we define 



QO 



and hence the restriction 7 : (M^\A^f) x (0, 1] — > X is a surjection. That 7 is bijective, is clear 
since each 7(x, q) is nonzero (as x ^ A^f ), and in each factor in the product, a component of C[f] 
will separate the characters, and in the last entry, by definition all elementary tensors will separate 
different values of q . Thus we may identify (as sets) X with (lR^\A^f ) x (0, 1] . Note that A^f 

contains the set {x e | a;„ G /^^(O) for infinitely many n} , hence since the /„ are of compact 

00 

support, M^\Aff is contained in the union of sets H "^n ^ where only finitely many of the Sn 

n=l 

are not relatively compact. 

The w * -topology of X w.r.t. C[i] is not clear. The most important subset in X is Xq := X D 

Repo(/:[f],C) which corresponds to (K^ViVf) x {1} . We prove that it is a G^-set. To see this, note 

00 

that oj G Xq if and only if lim Y[ ^kifk) = 1 ■ This is an increasing limit. By using approximate 

k=n 

identities in each factor C^''^ , we can find for each n a net {A^"^} C C[i], < ^i"^ < 1, such 

n— 1 factors 



that w( 1 (g) ■ • ■ ig) 1 ®/„ d) fn+1 ® • • • ) = swpLo{Aa^'') for all lu ^ X . Define a function qf : X ^ [0, 1] 
by q[{uj) := supa;(j4i"-') then Xq = qf^{{i})- Since is the supremum of continuous functions 

a, n 

on X it is lower semicontinous (cf. 6.3 in |Ko69) ) . i.e., q^^[{t, 00)) is open for all i G M. Since 
Xa = q-\{l}) = n qf\{^,oo)), it follows that Xq is a G^-set. 

neti 

To make a host algebra out of C[t], i.e., to make rj* injective, we need to reduce its spectrum to 
Xq. However, since we do not know whether Xq is a locally compact subset of X this is not easy. 
From the fact that it is a G^-set, we can identify Xq as the common characters of the decreasing 
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sequence of C*-algebras Co ((?f ^ ((^^, cxd))) C £[f], where of course 77(]R^^^) still acts on these as 
multipliers (i.e., as elements of Cb{X), with pointwise multiplication). 

6 Hosting the full representation theory of M^^^ 

We first want to extend the semi- host algebra C[f] above to an algebra £y , such that 
T]* {Rep{C^,n)) = Rep(]R('*\-H) . Recall that for 

K := {/eCo(M) I /(M) C [0,1], f\[-n,n]^l, supp(/) C [-n - 1, n + 1]} . 

oo 

we obtain a multiplicative subsemigroup V := IJ in Co(M) . Thus, by Thcorcm l3.10f iii). V = V*, 
implies that 

A{V) := Span{6 e If | | f G V^} = Span{ ® <?„ | g - f £ V^} 

71—1 

OO 

is a * -subalgebra of Cq (R) . 

n=l 

6.1 Proposition There is a * -representation 7r„ : ■4(V) — ?> B{'Hu) such that 

7r„(Li (g) L2 ® • • • ) = s-lim7ri(Li) 7r2(L2) • • • <(i„) 

n— f 00 

for all elementary tensors Li ® L2 ® ■ ■ ■ G .4(V), where : Co(M) — > B{Hu) are as before (cf. text 
above Definition \5.3\) . 

Proof. By Proposition lSTBT iii). 7r„ is already a * -representation on each * -alg(|fj) for f G , 
hence it is a linear map on each |f| for f G V^. However, by Proposition I3.7f iv) we know that for 
f, g G with |fl ^ {0} ^ |gl we have |fl n fe]] = {0} if and only if |fl / |g]. Thus the set 
of spaces {|f] | f G V^} is labelled by the equivalence classes [f] C V^, and by Proposition [SJlJiv), 
the sum of the subspaces |f] is direct. Thus, since 7r„ is defined as a linear map on each |f], it 
extends uniquely to a linear map tt^ on A{V) = Spanjfe G |f] | f G V^}. 

00 

To show that Tr^ is a * -homomorphism, it suffices to check this on the elementary tensors (8) gn 

n=l 

with g - f G Vf*. For f, g G V^, let 

A = ® ■ • • Ak-i /fc fk+i <8) ■ • • e [fl and Bi®---® Bu-i ®gk® Qk+i ® ■ • • e [gl 

where we can choose the same k for both. Then by Proposition 15. 6f ii) we have 

TTuiA) = 7riiAi)---TTt-\Ak-i)Fu,km and = 7ri(Bi) • • • 7r^i(Bfc_i) F„,fc[g] 

and MAB) = ^^(AiSi) • • •7r^i(Afc_iBfc_i)F„,fe[f • g] 

where F^.k [f ] s-lim tt^ (A-) • • • vr^: (/„) . 

Since tt^ is a representation for all j, we only need to show that F„jt[f . g] = i^u.A;[f] i^„^fc[g] to 
establish that 7r„(A_B) = 7r„(yl) 7r„(i?) . We have 

Fu,k[^-S] = s-lim7r^(/fegfe)---<(/„5„) = s-lim ^^(/fe)---<:(/„)^,^((7fc)---<(5„) 

n— ^00 n— >oo 

= s-lim7r::(/fc) • • • <(/„) • s-lim TT^igk) ■ ■ ■ Truism) = FuA^ FuAs] 
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since the operator product is jointly continuous in the strong operator topology on bounded subsets. 
Thus TTu is a homomorphism. To see that it is a * -homomorphism, note that 

since all tt^ are * -homomorphisms with commuting ranges, and [f]* = |f*J| = |f]. Thus 7r„ is a 
* -homomorphism of A{V). ■ 

As in Section [SI we define 

6.2 Definition The C* -algebra is the C* -completion of 7r„(^(V)) in B{T-Lu) ■ 

Note that ^ C* {C[i] | f G V'^} c B{n^,) . 

We extend the unitary embeddings r/ : R*^'^' — > UM(C\i]^ from above to £y as follows. Define 

ri{xi, . . . , Xn, 0, 0, . . ® ^2 • • • ) = '7i(a^i)^i ?7n(a;„)L„ Ln+i ® Ln+2 <S) ■ ■ ■ 

for all (xi,...,x„) e R", n e N, L, e Co(R), and where 77, : R -> Ai"(C*(R)) is the 

usual unitary embedding. Clearly, 77 restricts to the previous definition of it on each C[f\ C £y. 
Then the map 77* : Rep(£.|^,?^) Rep(R^''\ "H) consists of the strict extension of (non-degenerate) 
representations of to ?7(R(^'), i.e., 

(77*7r)(x) :— s-lim7r(77(x)_EQ,) V x G R^^-* and any approximate identity {Ea\ C , 

and rj* obviously takes irreducibles to irreducibles by commutativity. 

6.3 Definition Let RepQ(£y,H) denote those non- degenerate * -representations tt : £y B{H) 
for which vr \ C[f\ £ Repp (/C[f], Hf) for all f, where Hf := 7r(>C[f])'H. T/iat is, each restriction of 
TT to C[{] has excess operator Qf — 1 on its essential subspace Tif. 

By Proposition 15.61 this means that all 

n— 1 factors 

Qf (tt) :— s-hmi3„[f] are projections, where: i3„[f] := 7r( 1 (g) • • • (8) 1 (Ef/n (8> /n-i-i <8) • • • )• 

n— >-oo 

In fact, the projections Qf(7r) must be the range projections P-!r[{] = s-limi^^^^ where F^^l := 

s-lim7rfe(/fe) • • • 7r„(/„) . Note that a direct sum of representations tTj G Reppf/I,., i (£ I (an 

index set) is again of the same type, i.e., Tr^ G Rcpg(£.|^, Hi). 

iei iei 

6.4 Theorem Given the preceding notation, we have that 

(i) rj : R(^) il/(>Cy) is continuous w.r.t. the strict topology of Ali^C^) . 

(ii) The map rj* is injective on Repg (>Cy,'H) . 

(Hi) The range rj* (Rep(>Cy, "H)) is the same as rj* (Rcpg(£y,H)) and is all of Rep(R^^-', 7^) . 

(iv) TT G RepQ(£y,H) if and only if tt is normal w.r.t. 7r„. 
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Proof, (i) Since 77 : R*^'*' — > M(^C^) is bounded, it suffices to show tliat tfie space 

{i G £y I the map K*-'^-' 3 x H> 'r/{x)L G £^ is norm continuous} 

is dense in Cy. But this foiiows from the fact that by Theorem l5.9f i). this space contains ail |f] C 
and these spaces span ^(V) which is dense in C^. 

(ii) Consider tt, tt' G Repo(£^,'H) such that 77*77 = 77*77'. Then for the restrictions to M" C M'^^ 
we have ?f(") 77*77 f M" = 77*77' f R" ^'(") . Moreover, embeds in M(£^) as ® 1 
(acting on the elementary tensors), hence 77 also extends to it to define a non-degenerate 77^"-' : 

Since 77 is defined via the natural actions, we have 77(x)i;(") C £(") for all x G M'" . 

Since 

^(")(x)7r(")(i) 77(A) = 77*77(x) 77(iA) = 77(77(x)Lyl) =77(")(77(x)L)77(yl) 

for all xgM", LG-C^""), AeC^, we see by nondegeneracy of 77 that (x) 77(") (L) = 77^") (77(x)L) 
for all L G and hence since 77*^"^ and 77*^"^ are non-degenerate and /I^"-' is a host algebra 

for M", this relation gives a bijection between 77^"^ and 77^"^. We conclude from 77*^"' — 77'(") 
that for all n . A similar argument for the /c*^ component alone, also shows that 

77fc = 77^. for all k . Now for each elementary tensor Li Cg) L2 ® ■ ■ • G * -£^lg(lfl) '^[f] we know by 
Proposition 15 . Gf iii) that 

77(Li (K1L2 ® • • •) = s-lim77(")(Li L2 (g) • • ■(S)Ln)Qf{n) . (10) 

n— >-oo 

Recall that by hypothesis Q[(tt) = Ptt[{] — s-lim_F^^^. , where F^^l := s-lim77fc(/fe) • • •77„(/„) . Anal- 
ogous expressions hold for 77', thus since 77^, = 77^, for all k, it follows that Qf(77) = Qf(7r') and 
hence from Equation (|10l) it follows from 77^"^ — ■k'^"'^ for all n , that 77 and 77' coincides on all 
£[f] hence on all of C^, which proves the claim. 

(iii) Let 77 G RepQ(>Cy,'H) and let 77 be its strict extension to M(>Cy). As 77 is strictly con- 
tinuous, (i) implies that the unitary representation 77* (77) — n o rj : R(^) — > U{'H) is strong operator 
continuous, i.e., 77* (Rep(/:^, H)) C Rep(RW, H) . To prove the claim of this theorem, we need to 
show that for each 77 G Rep(R(^','H7r), there is a 77(o) G Repg(>Cy, "Htt) such that 77*77(0) = 77. 
Since each 77 G Rep(R(^', H^) is a direct sum of cyclic representations, and rj* preserves direct 
sums, it suffices to show that for each cyclic 77 G Rep(R(^\ T^tt), there is a 77(o) G Repo(£y,H7r) 
such that 77*77(0) = 77. Fix a cyclic 77 G Rep(R^^'','H7r), then there is a projection P^^ G 77u(R(^')' 
such that 77 = [Pt^tTu) \ 'Hn where = P-^l-Lu ■ Recall the inclusion R — > R^'*^^ a; ^ xeu , so 
let 77fc : R ^ UIHtt) be 77fe(x) := 77(a;efe) . By the host algebra property of C*(R) = Co(R), this 
produces a unique non-degenerate representation 77^ : Co(R) — )• B{'Hu) , which is characterized by 
7i'fe(x)77fe(i) = 77fe(77fe(a:;)L) = 77(77(0,...,0,x,0,0,...)(l (g) •••1 (g) L (g) 1 (g) •••)) {x and L in the 

entries) for aU a; G R and L G Co(R). Since 

77(77(0, . . . , 0, x, 0, . . .)(1 ig)---l®L(8)l(g)---)) 

= PttTTu (??(0, . . . , 0, X, 0, . . .)(1 ® • • • 1 ® L (g) 1 (g) • • • )) f 

= P,77^(x)77^(L) \ ^ TTkix) P^irtiL) \ 

we get that 77fe(L) = P^77^(L) \ H-^ for all L G Co(R). Since the set of representations 
{77^ : Co(R) — > B{HTr) I A; G N} have commuting ranges, we can apply Lemma [5.11 (with the choice 
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Q — 1) to define a representation 7r(o) : * -alg(|f|) — >■ B^Ht^), for all f, and we need to show that 
7r(o) extends to a representation of C^. Now commutes with the images of all tt^ (since it 
commutes with 7r,j(K^^'') ) hence all 7r^(L) preserve Htt and so by its definition 7r„(>Cy) preserves 
H^. Thus the map A G — > PT7r„(yl) \ 7^^ is a * -representation of and it coincides with 
7r(o) on each * -alg(|f]) because 

P,7r„(Li®L2® •••) - s-\i^P.^l{Li)^l{L2)---K{Ln)\'H., 

= s-lim7ri(i 1)712(^2) • • •7r„(i„) = 7r/o)(Pi (g) L2 ® • • • ) 

for all elementary tensors Li ® L2 <^ ■ ■ ■ G -^.(V). This defines a * -representation 
7r(o) : Cy — > B{Htt) by 7r(o)(^) = PttTTu{A) \ for all A E Cy. To sec that it is non- 

degenerate, note that its restriction to any C[f] C has essential projection P-k[{] = s-limP^ 

where Pfe := s-lim7rfe(/i:) • • • 7r„(/„) by Theorem I5.9f iii) and Lemma IS.ir ii). It is suffices to show 
that for each nonzero ip G Htt there is a sequence f G V'^ such that PTr[f]^ ^ 0. Fix a nonzero 
tp G Since there is an approximate identity of Co(M) in V, it is possible to choose for each 

n G N a /„ G V such that — 7rn(/n)V'll < l/*^^! hence we may write 7r„(/„)V' = V' + Cn/"^ where 
||e„l| < 1. Then 

7i'fc(/fc) • • •7r„(/„)V' = V' + -^7rfe(/fc) • • •7r„_i(/„_i)^„ 

1 1 

■ 7rfc(/fe) • • • 7rn_2(/n-2) '^"-1 + ' ' ' + TT ■ 



Thus 



— 1_ 

PfcV - ^ + ^ - n '^^(^) ^J' ^here II n ^,(/,) II < 1 
j=k i=k e=k 

and hence P7r[f]'0 = '0 as the series converges. Thus tt^q) is non-degenerate. 

Since ttjo) is obviously normal to 7r„, it follows that the excess operator is Q = 1 for the 

restriction of ttjo) to any C[i], and hence ttjo) G Repo(>Cy, T^ir) . To see that 77*7r(o)=7r, note that 

for X G R'' C MP^) we have 

77*7r(o)(x)7r(o)(Pi ® L2 (g) • • • ) = 7^(0) (77(x)(Li (g) L2 » • • • )) 
= 7r(o)(??i(a;i)^i (g ■ • • ® r]k{xk)Lk ® Pfe+i g) Pfc+2 ® ■ ■ ■) 
= P^7r„(7?i(xi)Pi g) • • • g) ■qk(xk)Lk ® Pfc+i g) P/c-(-2 gi • • • ) \ 
= s-lim4(r/i(xi)Pi)7r2(r/2(a:2)P2) • ■ • ^,^(r/fc(xfc)Lfe) ^^;+i(Lfc+i) • • -^CPn) f 

n— ^00 

= P^ s-lim^i(a;i)^i(ii) tt^ (x2)7r2 (L2) • • • 7r^(xfc)^^(i,) 7r^i(L,+i) • • • <(L„) f 
= 7ri(a;i) • • ■ nk{xk) s-lim7ri(Li) 7r2(L2) • • • iTn{Ln) 
= 7r(x)7ro(Pi g) P2 g) • • • ) 

for all elementary tensors Li®L2®- ■ ■ <E A{V), hence 77*7ro(x) 7r(o) (^) = 7r(x) 7r(o) (A) for aU AeC^. 
Since ttjo) is non-degenerate, it follows that »y*7r(o) = tt as required. 

(iv) By Theorem 15. 9( v) we have that tt G RepQ(£y,H) if and only if tt \ C[f\ (on its essential 
subspace Hf) is normal w.r.t. 7r„ (£[£]) for all f G V^. Let tt G Rep(/:^,H) be normal w.r.t. 
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^:u{^^y) ■ Then it is continuous on bounded sets w.r.t. the strong operator topologies of both sides, 
and it follows that this is true for its restrictions to each 7ri,(>C[f]), and hence that each restriction is 
normal w.r.t. 7r„. Thus tt G RepQ (£y , . 

Conversely, given tt G Repp (£y , 7^) then by part (iii) 77*77 is a continuous representation of M.^^\ 
and by Proposition 15. 6^ 11) (with Q = 1) we have that on each Hf 

7r(Li ® L2 «)■•■) = s-lim7r("'(Li <^ L2 ^ ■ ■ ■ ® L„) = s-lini7ri(Li)7r2(L2) • • •7r„(L„) 

n— >-oo n— >-cxj 

for aU elementary tensors Li (g) L2 (E) ■ ■ ■ G fi^ C *-alg(|f]). Now 7r„(MW)" = 
{7ri"'(/:(")) I n G N}" = 7r„ ({£[£] | { e V^^})" = tTu{C^)" and a similar equation holds for tt. Since 
the cyclic components of tt are contained in the direct summands of 7r„, there is a normal map 
ip : 7r„(>Cy)" — !• B{T-L) such that (p o = n. Thus tt is normal to 7r„. ■ 

Thus >Cy is a semi-host for the full representation theory of R''^), i.e., 77* : Rep(£y,H) ^ 
Rep(lR*^'^\ "H) is surjectivc, but not necessarily injective. We want to examine the remaining 
representations of outside of RepQ(£.^;, 'H) . Denote the universal representation of £y by 

TTjj : Cy ^ BCHu) (not to be confused with the defining representation 7r„) . Let 

i.e., the set of all excess operators w.r.t. tt^j . Since Q is in the positive part of the unit ball of C'^ , 
it has a natural partial order, and in a moment we will see that Q is a multiplicative semigroup. Let 

Rep(Q,H) {7 : Q ^ 6(H) | < 7(Qi) < 1, 7(^1^2) = 7(Qi)7(Q2) VQ, G Q} . 



6.5 Proposition With notation above, we have 

(i) Qtiii^ij) ■ Qt-ii'^u) — Qfi-f2 (""t/) f^''' '^^^ ^ "'^^ • Thus Q is a multiplicative semigroup, and 
the map [f]^ — !■ Qf (tt^^) is a surjective homomorphism Vao ^ Q of multiplicative semigroups 
where Voo {[f]^ | f e V^} . 

(ii) Fix a non- degenerate * -representation n : — > 3(1-1,^) . Then the map [f]^ — !■ Qf{n) defines 
a representation of Voo as well as of Q. Thus every tt G Rep(£y,?^) is of the form: 

7r(^) :=7ro(A)7(f) for A G If J 

for some ttq G Repg(£.|^, and 7GRep(Q,'H) with j{Q) C n{Cyy . 

n—l factors 

Proof, (i) Recall that Qf (tt) := s-limi3„[f] , where Bn[i] := 7r( 1 (g) • • • (8) 1 ®/n ($• fn+i ® • • • ) • Since 
the operator product is jointly continuous on bounded subsets we have: 

Qf (TTrr) ' Qsi^rr) = S-lim7i\^(l (g) ■ ■ ■ ® Kg) fn fn+1 ® ' ' " ) S-lim7r7^(l 8) ■ • • 1 (g) fffe gk+1 ® ' ' • ) 
= S-lim TlTf (l ® • • • ® 1 ® /n (g fn+1 ® • • • ) (l '8) • • • (g> 1 <8) ff„ (g gn+1 <8) ' • • ) 

= S-lim 71%: (l (g) • • • 1 (g) /„5„ (g) /„+ig„+i (g) • • • ) 
= Qf g(7ry) ■ 
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It will suffice for this part to show that the map [f] — > Qf (tt^^) is well-defined, i.e., that Qf (tTj^) only 
depends on the equivalence class [f] not on any particular representative which is chosen. However, 
this is immediate from the definition of Qf (tTj^) . 

(ii) By the universal property of iijj (cf. Theorem 10.1.12 in [KR86| ) there is a central projection 
Pjr £ ^(^(/(-^v)") ^^'^ ^ *-isomorphism of Von Neumann algebras a : P.^tTjj{C^)" n{C^)" such 
that tt{A) = a{PTjTTjj{A)) for all A e C^. The map a is normal in both directions (cf. Proposi- 
tion 2.5.2 in [Ped89) ). It is also true that tt{A) = a{P,,TT^{A)) for all A e M{C^). So it follows 
from 

Qf (tt) = s-lim7r(l (g) • • • 1 (g) /„ (g) /„+i ® • • • ) = a (P-^ s-limTiTrfl • • • ® 1 /« (8> /„+i ® • • • ) ) 
= aiPM^u)) 

and part (i) that Qf (tt) • (5g(7r) = (5f.g(7r) hence the map [f]^ — > Qf (tt) defines a representation of 
Voo as well as of Q . The second claim is immediate. H 

Thus the the additional part of Rcp{C^,n) to Rcp(R(''),H) is in Rep(Q,H). 

By definition, each Q G Q is the strong operator limit of increasing positive elements in ttu{C^), 
so it is a lower semi-continuous function on the spectrum of C^. In fact, Q is in the monotone 
closure £™ (cf. |Tak791 Thm. 6.8 and above, p. 182]). Let X be the spect rum of >Cy, and let 
Xo-.^Xn Repo {C^, C) . Then since uj{Q) must be idempotent for uj G Xq, Q ^ Q, it has to be 
or 1. Thus Xo C Q-^i{0})UQ-\{l}), and by the definition of Rcpo(/:^,C) we get that 

^0= n (Q-'({0})UQ-i({l})) . 

QGQ 

This suggests that to obtain a full host algebra for M^'^^ we only need to apply the homomorphism 

which factors out by IJ Q~^{{0, 1)) , but this is not possible, because we do not know whether the 
QgQ 

last set is open, as the Q are only lower semi-continuous. 



7 Discussion 

Here we constructed an infinite tensor product of the algebras Co(M), denoted £y, and used it to 
find semi-hosts for the full continuous representation theory of Due to commutativity, these 

were as useful as host algebras, because 77* preserves irreducibility in this context. We also interpreted 
the Bochner-Minlos theorem in R^^^^ as the pure state space decomposition of the partial hosts which 
Cy comprises of. We analyzed the representation theory of Cy, and showed that ij* is a bijection 
between RepQ(£y,7^) and Rep(R(^\ "H) , but that there is an extra part which essentially consists 
of the representation theory of a multiplicative semigroup Q. 

Much further analysis remains, e.g. the topological structure of the spectrum X of C^, especially 
the important question as to whether Xq is locally compact with the relative topology. Moreover, one 
can easily apply the methods developed here to construct infinite tensor products of other C*-algebras 
without nontrivial projections. A very important issue, is to extend the C*-algebraic interpretation of 
the Bochner-Minlos theorem developed here, to general nuclear spaces. 
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